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1 Introduction

In 1770, Lagrange proved that any natural number n can be written as the sum of squares of 4

integers. In 1834, Jacobi proved the following remarkable result on the number of ways to write

a number as a sum of 4 squares.

Theorem 1.1. Let n € N. Define ri(n) = #{(a1, a2, ...,ar) € Z¥ | 3. a? = n}, the number of

ways to write n as the sum of k squares. Then, r4(n) = Y. 8d
d|n,dgAZ

This expository paper begins with a short survey of modular forms over SL(2,7) and its

congruence subgroups and uses these ideas to prove Jacobi’s four square theorem.

2 The action of SL(2,Z) on H

The upper half plane is defined as: H:= {z € C | Im(z) > 0}

Lemma 2.1. The group SL(2,R) acts on H via Fractional Linear Transformations (FLTs)

a b
as follows. Let v = J € SL(2,R). Then, v(z) = g‘;fg for any z € H.
c

Proof. We first check that FLTs take H to H.
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Figure 1: Isometric Circles

Because FLT's are a group action, we have that they are invertible. In fact, when H is treated

Y

Now that we have defined an action by SL(2,R), this induces an action by any of its sub-

as hyperbolic space with the metric ds = , the group of isometries is precisely PSL(2,R).

groups. We will be especially interested in the action by the discrete subgroup SL(2,7Z).
A natural thing to look for is a fundamental domain for this action by SL(2,Z). The trans-

lation matrix that maps z — z + 1 is an element of the group. Thus the fundamental
0 1

a b .
domain is inside the strip [Re(z)| < 3. Let v = € SL(2,Z). Let z = %d + ret?.
c d
—d 10 —ad+bc 0
a(— +re”)+b  —TF +rae .

( ” : ) = ¢ = = L e 4 2 Thus, v reflects z first across
(=2 +re?) +d cret re c
d

the semicircle of radius |—i| centered at %d and then reflects it about the line z = “2;0 as shown

Then ~(z) =

in Figure 1. We call the semi circles centered at %d and ¢ as the 1st and 2nd isometric circles.

The region outside the 2nd isometric circle gets mapped inside the 1st isometric circle by ~.
The region outside the 1st isometric circle gets mapped inside the 2nd isometric circle by v~
So, the fundamental domain only needs one of these parts. We will choose to include the region
outside the isometric circles. Thus the region (Figure 2) above all possible isometric circles and

bounded in the strip will be a fundamental domain for the action by SL(2,Z). Precisely, the
fundamental domain is {z € H‘|Re(z)| < and |z > 1}

11 0
In fact, the matrices and generate SL(2,Z) and the highest isometric

0 1 -1 0
circles come from the generators. This will be true for any subgroup of SL(2,Z) acting on H as

we will see later.
Before we move to defining modular forms, we will introduce the notion of cusps. When
SL(2,Z) acts on H, it induces an action on HU QU {oo}. (We will say v takes oo to 2). For

0
any p/q € Q, the matrix P SL(2,7Z) that takes p/q — oo and oo — p/q. However, this
q —Pp
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Figure 2: Fundamental domain for SL(2,Z) acting on H

may not be the case if we restrict the action to any subgroup I' of SL(2,7Z). When we study
actions by subgroups of SL(2,7Z), we will be interested in the orbits of Q U oo when acted on by

I". These orbits are called cusps.

3 Modular forms over SL(2,7)

Modular forms are special holomorphic functions on H that satisfy some invariance under com-

position with FLTs.

Definition 3.1. Let k be any integer. A holomorphic function f : H — C is a modular form
of weight k over SL(2,7Z) if

a b
i f(‘;jif;) = (cz + d)* f(2) for all o € SL(2,7Z).

e f is holomorphic at co.

We will make this notion of holomorphic at oo precise. We have f(z+1) = (1)¥f(2) = f(2).
Hence f(z) = g(e*™%*) for some holomorphic g : D\ {0} — C. Thus g(q) has a laurent series

o0
9(q) = > ang™ whereg=e

n=—oo

27riz.
We say f is holomorphic at oo if a,, = 0 for all n < 0.

Example 3.2. Consider the functions Gg(z) = > m for k > 3. They will be
(m,n)€Z2\(0,0)
modular forms of weight k.

1 0 -1
SL(2,7) is generated by matrices S = , ' = , hence it is sufficient to check
0 1 1 0

condition (1) for these matrices.



Clearly Gr(z + 1) = Gi(z). Also, Gk(%l) = > S T—— > AN

=1 k E
(m,n)€Z2\(0,0) (m z +n) (m,n)€Z2\(0,0) (nzdm)

2FGr(2)

It can be shown that G(z) is holomorphic at infinity by showing it is bounded by the value at
w = e?™/3, This is because, for z in the fundamental domain, |mz+n|? = m?z:+mnRe(z)+n? >
m? +mn(—1/2) +n? = |mw + n|?>. Moreover,
Giloo) = lm Y — = L o
k = = oE

E
Z—00 mz n
(m,n)€Z2\(0,0) ( +n) n€EZ\O

We will see another way to define even weight modular forms as holomorphic differential

forms on the space of orbits of the action. This is why the word form in the name shows up.

Definition 3.3. Let k£ be any integer. A holomorphic function f : H — C is a modular form
of weight 2k if

o f(2)(d2)* = f(7(2))(dy(2))* for all v € SL(2,Z). (f(2)(dz)" is seen as a k form on H)

e f is holomorphic at co.

This tells us that we can see modular forms as holomorphic differential forms f(z)(dz)*
on the space H/SL(2,Z). For instance, modular forms of weight 2 will be differential 1-forms

f(2)dz on the fundamental domain with appropriate identifications. This differential form is

, we get f(2)dz = g(q)zfgq which has

2miz

allowed to have a simple pole at co: Substituting g = e

a simple pole at ¢ = 0.

This definition is compatible with the earlier definition as follows. We have d (gjig) =
mdz. Therefore, f(gz) = (cz 4+ d)* f(2) if and only if f(g2)d(g2)* = (cz+d)** f(2)d(g2)* =
(cz+d)?* f(2)(cz + d)~%(dz)F = f(2)(dz)*. Similarly, this invariance precisely implies f trans-
forms as in the definition of modular form by the same computation. So, f(2)(dz)* is SL(2,7Z)

invariant if and only if f(2) is a modular form of weight 2k.

4 Principle subgroups of SL(2,7)

We will be interested in modular forms over certain special subgroups of SL(2,7Z) called con-

gruence subgroups.

Definition 4.1. The principle congruence subgroup of level N is defined as:

a b a b 1 0
I'(N) = { € SL(2,7) = mod N}
c d c d 01



A congruence subgroup I' of level N is any subgroup of SL(2,Z) such that I'(N) C I" C SL(2,Z).

a b * %k
= mod N
c d 0 =

We have a more general definition of modular forms over congruence subgroups of SL(2,Z)

b
Example 4.2. T'((N) = { ¢ € SL(2,Z)
c d

a b
Let v = € SL(2,Z) and f : H — C holomorphic.
c d

Define f[y]k(z) = j(7, z)_kf(v(z)) where j(v,2) = cz+d and y(z) = Zzzis

Definition 4.3. Let k be any integer and I' be a congruence subgroup. A holomorphic function

f:H — C is a modular form of weight k& with respect to I' if

o f[Vlx = f(z) forall v € T.
e f[7]k is holomorphic at oo for all v € SL(2,Z).
The vector space of modular forms of weight k over I' is denoted by My (T")

It is not hard to show j(vv', 2) = j(7,7'(2)i (7, z) and f[v']x = (f[V]x)[7]x-This makes check-
ing the first condition for all v € I' equivalent to checking it for a generating set of I'.
The 2nd condition checks holomorphic at infinity for all v € SL(2,7Z) to ensure that the function

is well behaved at all cusps, not just oo.

As in the case of modular forms over SL(2,7Z), we can view modular forms over congruence sub-
groups as differential k-forms on the space H/I'. When we look at weight 2 forms, the differential
forms will be holomorphic on H/I" with atmost simple poles at the cusps. The following section
will find provide a function that is a modular form of weight 2 over the congruence subgroup

Lo(4)

5 Theta Functions

We would like to have a generating function for the number of ways to write a number as a sum

of k squares. One particular example of a theta function does the trick.

Define (z) = > e2m=m* on H. This is a convergent series for z € H because it is bounded by
meZ

23 e 2mEn — 2 We notice that

1—e—2mIm(z) "
n>0 c

0(2)" =) ( > 1) X =N "y (n)e™n
(

al,...ak)\Za%:n neZ



Thus 0(2)* = 3 r4(n)e? " and this is the required generating function.
neL
We will now show that #%(2) is a modular form of weight 2 over the principle subgroup I'g(4).

First we will find its generators.

1 1
Lemma 5.1. T'y(4) is generated by + , =+
0 1

a b
Proof. Let v = € I'p(4) with ¢ # 0.
d

If ¢ =0, then a = d = £+1 and then v would be generated by +

n

a 11 a *
Then, = . We can choose n such that |nc+d| < |¢|/2 because ¢
c 0 1 c nc+d
* b
is even. Also, , so we can choose m such that |c+ 4md| <
c+4md d
2d. At each step we can strlctly reduce |c| or |d| until ¢ = 0 at which step, the matrix is some
11
power of £ . ]
0 1

We have 6(z) = > e2mizm® _ > e2mim?
meZ meZ
We will prove the identity 9(271) =/2iz 0(z) using the Poisson Summation Formula.

e2mim? — 0(z+1).

Lemma 5.2. Poisson Summation formula

For any Schwartz function f, Y, ., f(n) =3, oz f(n) where f(x = [o f(t)e2mimtay

Proof. Define F(z) = > f(n+ z). Clearly, F(z + 1) = F(z), so we can write F' as a Fourier
neZ

series.
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Substituting « = 0 gives us the required result. O

Choosing f(z) = e~™* (a Schwartz function), we get

£ * —ntx?—2mizn m? [ —7t(z— 1)
f(n) = e de =et e ¢ dx

7fn2
Substituting z = 3¢ we get 9(2—;) =Y et = VI e = /2207 0(2)

e 9(4zz+1) - 9(4(_1_1)>

=/2i(£ + DO(FE)
=/2i(£ + 1)V—2iz 6(z)
=V4z+106(2)

Thus 6%4( o) = (42 + 1)26%(z). Also, 0(2) is holomorphic at infinity because it has no Fourier

coefficients for negative exponents. Thus, 6%(z) is an element of Mo (Tg(4))

6 The space My(['y(4))

We have shown that 64(z) is an element of My(I'g(4)). So, it would be helpful to know more
about this space. In this section, we will find the dimension of the space and find a basis. This

will allow us to write #4(z) as a linear combination of basis elements.
6.1 Dimension of My(I'((4))

Lemma 6.1. dimMy(I'g(4)) = 2

Proof. As seen in section 3, one may look at modular forms of weight 2k over I' as differential
k-forms on the space H/I'. Thus, M2(I'¢(4)) is the space of 1-forms on H/T'z(4) with at most

simple poles at the cusps. We will find a fundamental domain for the action of I'g(4) on H.

Since the translation matrix: is in the subgroup, the fundamental domain is contained
01

a b
in {|Re(z)| < 3}. For each matrix € T'g(4), we draw semicircles centered at & with
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Figure 3: Fundamental domain for I'g(4) acting on H

Figure 4: The space H/I'g(4)

radius ‘—(1:| As seen before, a fundamental domain can be obtained by taking the region above
the highest semicircles. The highest semicircles will have radius 1/4 because ¢ = 4N for some

N. We find that the only matrices that contribute semicircles within the strip of width 1 are

10 1 0
and its inverse . The fundamental domain is shown in Figure [3] as the

4 1 -4 1
shaded region. With the proper identifications, the fundamental domain becomes a sphere with
3 punctures (at 0, 1, and oo) as shown in Figure [4].
The 1-forms on this thrice punctured sphere are allowed to have simple poles at each of the
punctures. Thus the space of 1-forms is generated by 2 elements: % and Zd%l. The 1-form

a% + bzd%l has simple poles at 0 and 1. It also has a simple pole at infinity:

Set & = % d¢ = ;—}dz. So the 1-form becomes: —a% — bg(ffg) which has a simple pole at £ =0

Thus dimMs(T'o(4)) = 2. O

The next subsection finds elements of this space.



6.2 G(z): almost an invariant of SL(2,7)

We want a candidate for a modular form of weight 2, however, the space of modular forms of
weight 2 over SL(2,Z) was 0. We know that Gy, is a modular form of weight k for k£ > 2, however
G2 did not converge absolutely. To fix this, we will write G2 in a certain way that will make it
conditionally convergent.

Write Ga(z) = > Z cz+d — 5 where Z. = Z \ 0 if ¢ = 0 and Z otherwise. We will show this is

c€Z deZ
conditionally convergent using the followmg identities.

weotmz = %

+ L o (1)

This is true because mcot(mz) has simple poles at every integer and has residue 1 at all poles.

Our second identity is:

Tz —imz oo
COSTTZ e +e . . .
Teotmz = T— = Ti— = —q — 21 E e2rinz .(2)
SINTZ eimE — eIz

00 oS .
Differentiating mcot(7z) in the first and second identity, we get ) L = —4n? 3 nerinz,

(z+n)?
Z Z (cz + d

n=-—00 n=0
c€Z dE€Ze

:Zd2+zz cz+d ZZ cz+d

d#0 c>0 de

=22 +2ZZ cz+d

c>0 dEZ

_ 2 + 92 Z 471'2 Z de?ﬂzdcz

c>0

= % — 872 Z o(n)e*mnz where o( Z d
n=1

dln

We have | Y Z de?midez| < ¢ Z m <cC Z le=4micz| = % which makes the
c>0d=0 c>0 c>0
series absolutely convergent. Thus we have written Ga(z) as an absolutely convergent series. It

is also useful to note that the Fourier coefficients have the term ) 8d which shows up in the
din
formula in Jacobi’s four square theorem.

This definition of G3(z) makes it almost invariant of SL(2,Z). It is clear that

G (Z—{—l)—QC _871_222”627”7“% z+1)_2€ 87T222n62mnm2—G2(2)

m>0n=0 m>0n=0

10



Lemma 6.2. G2 [({ ')], (2) = Ga(z) — 2

Proof. First note that

_ZZ c—l—dz

CEZL dGZc

=22 ae

d€eZ cGZd

=22 (v ap

deZ CGZd

-> & +ZZ —a

d;éo deZ c£0

Next, observe that using the telescopic series

1
%(cz—i—d)(cz—kd%—l) -

We have that

2
GQ(’Z):?—{_ZZ CZ-i—d ZZ cz+d CZ+d+ )

c#0 dEZ
2

us 1
:§+Zz(cz+d)2(cz+d+l)

c#0 deZ

This double sum is on the order of ) de (CETIEL and therefore converges absolutely. Rearranging

+d
the terms, we have

2 1 -1 1
SRk SO0 -0 -TY
3 = 7&0 cz+d " (ecz+d)(cz+d+1) z et (cz+d)(cz+d+1)

Hence, to finish proving the claim, it suffices to show that

N-1

1
— 1 =2
NS ZN; cz+d)(cz+d+1) mi/z

Note that for N fixed, this sum converges absolutely. So reversing the orders of the summations

gives us,

1 1
_chz—i-d cz+d+1) _Zcz—N+C¢Ocz+N

—N c#£0 c#0

11



Recall the cotangent identity:

> 1
7rcot7rz +Z<z—n z—l—n)

Therefore,

1/z 2z
— 1/2)2mcot(nN/z) — —
C#ZUCZ—N cz+N ZN/z—c N/z+c = (1/z)2meot(rN/z) N

Finally using the above,

. 2rwcot(mN/z) 27 . e2miN/z 4 q )
-1 lim ———— = — — =2
Ngnoo Z Z (cz+d) cz+d+ 1) ~ N5 z 2 Novso e2miNJz _ 1 mi/2

N;éo

O]

| b
Lemma 6.3. (Ga[1]s)(2) = Ga(y) — 274 with v = | | esn@.
C

Proof. We have shown the lemma holds for the generators of SL(2,Z). If we can show the

lemma holds under multiplication and inversion, then we are done.

The inverse of is the negative of itself, and the inverse of the translation matrix is
-1 0

another translation matrix, so the lemma holds for inverses.

b
Write v = ¢ and n = ¢/ . Using the general fact proven earlier that f[y]2[n]2 =
c d g h
flv-nl2, we would like to show that f[y.n]2(2) = f(z) — (ceiﬁ%' Indeed we have,
2mic
Fohlila ) = (F2) — 2y
2mig _o 2mic
— f(z) - gz )2 2T
0= B
2mic — 2mig(c(ez + f) + d(gz + h
e (clez + ) + d(gz + )

(gz+ h)(c(ez+ f) +d(gz + h))

Therefore to show multiplicativity, we need

2mic + 2mig(clez + f) + d(gz +h)) _ 27i(ce + dg)
(9z+ h)(c(ez + f) + d(gz + h)) (ce +dg)z + cf + dh)

Clearing the denominator, we only need to show that

2mic + 2mig(c(ez + f) + d(gz + h)) = 2wi(ce + dg)(gz + h)

12



After expanding and cancelling terms we have that it suffices to show
2mi(c+ gef) = 2miceh

which holds because 1 has determinant 1. O

6.3 A basis for My(I'y(4))

We noticed that Go is almost invariant of SL(2,Z) and we exploit that to define a function
that is invariant of I'g(N). Define Go v = Ga(z) — NG2(Nz). We will show that this is weakly

modular over I'o(N)

a b a Nb
Let v = and o = . Thus Nv(z) =+'(Nz)
Nc d c d

Gan[l2(2) = (Nez +d)72(Ga(v(2)) — NG2(N7(2)))

= Gal() — o — (eN2) + ) (N Ga(N (7))

= Gale) — e~ (EV2) + &) H(NGa (o (N2))
2miNc 2mic

= G2(2) - Nez+d <N (G2(NZ) ~ ¢(Nz) +d>>

= Go(2) — NG(N>z)

Thus Gy n is weakly modular over I'g(N). Specifically G4 is weakly modular over I'g(4) and
G2 is weakly modular over I'g(2). However, I'g(2) D I'g(4), so Ga,2 is weakly modular over I'(4)
as well. If we can show G4 and Gag2 satisfy the second condition for a modular form (f[y]x
being holomorphic at co), we will have a basis for the 2 dimensional vector space Ma(I'g(4)).
We know that G2 and G4 are holomorphic at co by looking at their Fourier expansion,
but we also need G2 x[7]2 to be holomorphic at co for any v € SL(2,Z). The following theorem

gives us a way to prove that as long as the Fourier coefficients are bounded by a polynomial.

Theorem 6.4. Let f : H — C be weakly modular with respect to I', a congruence subgroup
of level N. If there exist positive constants C,r, such that the Fourier expansion of f satisfies

flz) = ano ane?™ %N with a, < Cn" for all n > 0, then

|f(2)] < Co+ C(/ t?“e—Qﬂty/th> n jrl
0

Furthermore if a weakly modular function satisfies the above condition of Fourier coefficients, it

18 a modular form with respect to I'.

13



Proof. We have |f(z)| < |ao| + 2,50 Cn’e—2miny/N
Consider the function g(t) = t"e~>™/N. ¢/(t) > 0 when ¢ € (0, %) and ¢'(t) < 0 when t > %
k—1 k

Calling k = L;{};J, we get Yy nTe 2miny ftrefZﬂty/th
1 0

00 00
and Z nr6727riny < f tr€72ﬂ'ty/th
k+2 k

k—1 00
Thus, |f(2)‘ < |a0| +C (kre—%rky/N + (k + 1)re—2ﬂ'(k+1)y/N + Z n’ e~ 2Tiny + Z nre—Qm'ny>
1

k+2
< Cp+ Zj + C(/t”e—%ty/fvdt>

0

because e 2™FY/N ~ ¢=7 and k" ~ (%)T
For all v € SL(2,7Z), we need f[y]x to be holomorphic at co. f[y]x is invariant under v~y

and hence has a Laurent expansion: f[y]5(Z) =3, 7 bne?™m#/V.

o0 o
We have C< ft’"e*QWty/th> = yfil (f t’"efzﬂt/th> = yTCfl
0 0

As Im(z) — oo, [FI k()] = [(ez + d) 7 f(7(2))]
< |[(ez +)7(Co + mmamr + Tndr)|

- Ci(cz+d)?*" Ca(cztd)?r+2
= |(cz + &) (Co + Y + Haiper)|

= O(yTH*k) since we can assume 7 > 0

Thus, le | f Y]k (2)e2 =N | = lim O(y™t1=k)e=2my/N = (. This guarantees that b, = 0 for all
zZ—00 Y—r00

n < 0 giving us that f[y]x is holomorphic at infinity. O

Now, we look at the fourier expansion of G2, G2 4.

G272(2) = G2 — 2G2(22)

=20(2) = 872 Y o(n)e?" —2(2(2) — 872 Y o(n)emo")
n=1 n—1

(5 a)es

n=1 “d|n,d¢27Z

2 o0
s
= 872
3 ™

Similarly, Go4(2) = —72 — 872 Y ( > d) e2mizn
n=1 \d|n,d¢4Z

The fourier coefficients are bounded by 8720 (n) < 872n? and we can apply the theorem. Hence,

Ga2,G24 € Ma(I'9(4)) and are a basis.

14



7 The formula for the sum of four squares

Now that we know the space Mz(I'g(4)) has dimension 2 and a basis for the space is G2 2 and

G2.4, we should be able to write 64(2) as a linear combination of these two functions. We have

6?4(2) =aGa2 + bGay

—(171'2

= 1+8** 4 .. = 3 (1+24e*™* 4 ) — br? (1 + 8e*™% 4 ...)

Comparing the constant term and thecoefficients of the 2™ term, we get, a = 0 and b = ;—21

giving us 0%(z) = %GZA =Y (8 > d) e?™#"  Thus we have proved r4(n) =8 Y. d
nez d|n,d¢4Z din,d¢4Z
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