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1 Introduction.

In this paper we give an expository account of an invariant for 3-manifolds called Heegaard Floer homol-
ogy, introduced by Peter Ozsvath and Zoltén Szabé in [7] and [6]. Heegaard Floer homology is related
to other Floer homology invariants for 3-manifolds; in particular, it is conjectured to be equivalent to
Seiberg-Witten monopole Floer homology [6]. It also has strong ties with knot theory. In fact, we will
discuss a related invariant called knot Floer homology. This invariant was introduced independently in
[13] and [5]. It is defined for general null-homologous knots in 3-manifolds, although in this paper we
will restrict attention to knots in S3.

In Section 2.1 through Section 2.4, we give the definition of Heegaard Floer homology and discuss
some properties which will be relevant in later sections. In Section 2.5, we define knot Floer homology
and state some of its properties. Finally, in Section 2.6, we discuss holomorphic triangles, cobordisms,
and induced maps on Heegaard Floer homology.

One important property of Heegaard Floer homology is that one can compute it for sufficiently large
knot surgeries using knot Floer homology. In Section 3.1, we state some general theorems along these
lines. We then focus on the corresponding calculations in knot Floer homology. From Section 3.2 to
Section 3.4, we outline an approach to computing the knot Floer chain complex for a general knot in S3,
based on techniques using Fox calculus which were introduced in [13]. We then consider three specific
examples in Section 3.5. Finally, we prove the general theorems relating knot Floer homology to large
surgeries in Section 3.6.

In the third major section of the paper, Section 4, we apply the surgery exact triangle in Heegaard
Floer homology to prove a result of Gordon and Luecke [2] that knots are determined by their comple-
ments. After outlining the proof in Section 4.1, we state the exact triangle in Section 4.3 and prove it in



Section 4.4. The rest of Section 4 carries out the proof of the result of Gordon and Luecke; in Section 4.7,
we take a detour to define Heegaard Floer homology with twisted coefficients.

Clearly, surgeries on knots in S3 will play an important role in much of what is to follow, so for con-
venience we fix the notation before beginning. Knots will always be oriented, unless otherwise specified.
If K is an oriented knot in S® and nb K is a tubular neighborhood of K, then a meridian for K is an
embedded circle y in d(nb K) which bounds a disk in nb K. Its homology class in H;(9(nb K)) is unique
up to sign; we will use the term “meridian” to refer either to the circle or to its homology class [u].

Any homology class A in d(nb K') which has intersection 1 with p is called a longitude for K. Given
a longitude X for K, the other possible longitudes for K are obtained from A by adding integer multiples
of [u], so they are indexed by Z. A knot equipped with a choice of longitude is called a framed knot,
and the longitude is sometimes called a framing. One can perform A-framed surgery on K by removing
int(nb K) from S3, gluing on a two-handle along \, and capping off the result with a 3-ball. The manifold
obtained by this process will be denoted K.

Since K is a knot in S3, it has a canonical framing, the Seifert framing, defined as follows: choose a
Seifert surface F' of K. Then, as long as nb K is small enough, F' intersects d(nb K) in a circle, and this
circle defines a longitude Age;r of K. For knots in arbitrary three-manifolds, this definition might not
be independent of F, but for knots in S3 it is.

Now that K has a preferred longitude Age;f, we can index all longitudes for K by Z: let Ag := Ageir
and let A, := Ao + p[u]. This definition depends on the sign we choose for the meridian; we want to
fix this choice in some way. To do so, consider the surgery Ky, (henceforth denoted Kjy). In this

manifold, we can cap off F' to obtain a closed surface F. Since K is oriented, F' and hence F inherit
orientations from K. We may also view [p] as an element of H;(Kj). To fix the sign of [u], we require

that (PD[u], [F]) = 41 rather than —1.

Now we may unambiguously refer to the longitudes A, for p € Z. The surgery K, will be denoted
simply by K,, the p-surgery on S* along K (or just the p-surgery, when K is implied).

The author would especially like to thank Jacob Rasmussen for his patience in explaining concepts
and answering questions during the writing of this paper.

2 Definitions of Heegaard Floer homology and knot Floer ho-
mology.

In this section we will define the Heegaard Floer homology of a three-manifold Y, denoted HF (Y), as
well as the variants HF~(Y), HFY(Y), and HF*>(Y). We will also define the knot Floer homology

HOFK (S3,K) of a knot in S3. While in this paper we will only consider knots in S®, knot Floer
homology can be defined for a null-homologous knot in any closed three-manifold. We will give proofs
when appropriate, but many will be omitted for reasons of space. The exposition will roughly follow [9].

Unless otherwise specified, three-manifolds will always be taken to be closed and oriented, although
we will often mention these conditions explicitly as well to avoid confusion.

2.1 Heegaard decompositions and Heegaard diagrams.

To define the Heegaard Floer homology of a three-manifold Y, we start by choosing a suitable Heegaard
diagram for Y. Thus, we first need to discuss what this means.

2.1.1 Heegaard decompositions of three-manifolds.

Definition 2.1. Let Y be a closed oriented 3-manifold. A genus-g Heegaard decomposition of Y is an
identification of Y with a manifold of the form U; Uy Us, where U; and Us are both handlebodies of a
common genus g. Here, ¢ : 9U; — OU> is a homeomorphism of the genus-g surface ¥, = 0H, specifying
how the two copies U; and Us of H are to be glued.

It is a basic fact that three-manifolds always admit Heegaard decompositions:

Proposition 2.2. Let Y be a closed oriented 3-manifold. Then'Y has a Heegaard decomposition.



Proof. One way to obtain a Heegaard decomposition is by taking a handle decomposition of Y, i.e. by
writing Y = 0-handle U 1-handle U 2-handles U 3-handle. Then the union of the 0-handle and the 1-
handles is a genus-¢g handlebody for some g; call the handlebody U;. Dually, the union of the 2-handles
and the 3-handle is also a handlebody Us of genus ¢’ for some ¢’. However, since 9(U;) = d(Y \ U;) =
d(Us), we must have g = ¢'.

Another way to obtain a Heegaard decomposition of Y is by triangulating Y, fattening the vertices
and edges, and taking U; to be the union of the fattened vertices and edges. It is clear that the closure
of the complement of U; is again a handlebody, since it consists of the fattened barycentres of the 3-
simplices connected by handles corresponding to the barycentres of the 2-simplices. The same argument
as above shows that these two handlebodies must have the same genus. (|

2.1.2 Heegaard diagrams.

Let Uy Ug Uz be a Heegaard decomposition of a three-manifold Y. By introducing a redundancy in our
description of this decomposition, we obtain an easy way to visualize it. Namely, rather than viewing the
boundaries of Uy and Us as glued together with a single homeomorphism, we will consider both dU; and
0U; as glued to an abstract genus-g surface 3. The redundancy is that we need two homeomorphisms
¢1 and ¢ in this picture, rather than just one.

The homeomorphisms ¢; : OU; — ¥ each specify a system of g circles in ¥, as follows. Let v1,...,7q
be disjoint circles in OU; representing those independent homology classes in 9U; which are zero (i.e.
bound disks) in Uy. Then ¢1(71), ..., ¢4(74) are disjoint circles in ¥ representing independent homology
classes. Denote these circles by oy, ..., ay. We have similar circles 31,..., 8, coming from U; and ¢s.

Motivated by this discussion, we make the following definition:

Definition 2.3. Let ¥ be a genus-g surface.

(a) A set of g circles aq,...,a4 in 3 is called a system of attaching circles in 3 if the «; are
disjoint and determine independent homology classes in Hi(X).

(b) (b) A genus-g Heegaard diagram is a triple (X, a,3) where ¥ is an oriented surface of
genus g and a = (a1, ...,0a4), 8= (01,...,8,) are two systems of attaching circles in X.

The above discussion shows that given a Heegaard decomposition of a three-manifold, we can make
some choices and get a Heegaard diagram. Up until now, however, we have not made use of the given
orientation on Y, and we have not given any reason for choosing one orientation on ¥ over the other.
As one might expect, we want these two things to be compatible. More precisely, we want to choose the
orientation on X such that the oriented three-manifold Y’ associated to (X, a, 3) (as defined below) is
equal to Y rather than Y.

Given an oriented surface ¥ and two sets of attaching circles o = (a1, ..., a4) and 8 = (81,...,08y),
we want to construct an associated oriented 3-manifold. We can start with 3 x [0, 1], with its orientation
induced from ¥ and the standard orientation on [0, 1]. View the « circles as living in ¥ x {1} and the
B circles as living in ¥ x {0}. Now attach a two-handle along each a; and 8;. After adding all the
two-handles, we cap off the result with two three-handles. This procedure specifies a way of gluing two
handlebodies to X along its boundary to obtain a three-manifold Y. The orientation on Y is determined
by the orientation on the open set 3 x (1/3,2/3), which was specified before any gluing was performed.
We say that (3, a, 3) is a Heegaard diagram for Y or “represents” Y.

Remark 2.4. For future use, it will be important to note that if (X, o, B) represents Y, then (3, a, 3)
and (X, 3, a) both represent Y, whereas (X, 3, ) represents Y.

Clearly, if we start with a three-manifold Y, pick a Heegaard diagram by taking a decomposition of Y
as described above, and then construct the three-manifold associated to the diagram by gluing 2-handles
along the attaching circles, we recover Y. Thus, we have (informally) proved the following proposition:

Proposition 2.5. Let Y be a closed oriented three-manifold. There exists a Heegaard diagram for'Y (in
fact, there exist many).

It will sometimes be useful to have a Morse-theoretic approach to Heegaard diagrams. The following
proposition will summarize what we need:



Proposition 2.6. Let Y be a closed oriented 3-manifold.

(a) There exists a self-indexing Morse function f on'Y with unique critical points of index 0
and 3 and with g critical points each of index 1 and 2, for some positive integer g.

(b) If f is such a Morse function, then f determines a Heegaard diagram of Y as follows:
define the Heegaard surface ¥ to be f~1(3/2), a surface of genus g. Label the index 1 critical
points of f as x1,...,x4 and the index 2 critical points as y1,...,yq. For 1 <i < g, let o
be the set of points in ¥ which flow to x; under —V f, and let B; be the set of points which
flow to y; under Vf. Then (¥, o, 3) is a Heegaard diagram representing Y .

(¢) Every Heegaard diagram for'Y arises from a Morse function as in (b).

Remark 2.7. A Morse function f on Y as in Proposition 2.6 induces a handle decomposition of Y
and hence a Heegaard decomposition of Y via Proposition 2.2. This decomposition agrees with the
decomposition associated to the Heegaard diagram of Proposition 2.6(b); in both cases, Uy is f~1([0, 3/2])
and U is f71([3/2,3]). The a curves are the belt spheres of the 1-handles, and the 3 curves are the
attaching spheres of the 2-handles. This fact will be relevant in Section 2.4.2.

2.2 Other preliminaries.
2.2.1 Symmetric products.

Given a three-manifold Y, we want to define its Heegaard Floer homology as, roughly, the Lagrangian
Floer homology of a certain manifold and submanifolds associated to a Heegaard diagram for Y. We
define the manifold and submanifolds now.

Definition 2.8. Let ¥ be a genus-g surface.

(a) The g'" symmetric product of ¥, denoted Sym? ¥, is the quotient of ¥ x --- x ¥ (g times)
by the natural action of the symmetric group S, by permuting coordinates. In other words,
it is the set of unordered g-tuples of points in 3, with repetitions allowed.

(b) Let X be as above and let & = (a1, ..., ay) be a set of g attaching circles in ¥. The torus
T associated to a is (g X -+ X ag)/S,.

Remark 2.9. Clearly, the k' symmetric power of any space X can be defined in the same way. However,
if X is a genus-g surface ¥, then Sym” ¥ is actually a manifold of dimension 2k. The reason is that
Symk 3 locally looks like an open set of unordered tuples of & complex numbers, and thus can be seen as
an open set of monic polynomials of degree k over C by the fundamental theorem of algebra. The monic
polynomials over C are homeomorphic to C*. Also, for our purposes, k = ¢ will the the only relevant
power.

Remark 2.10. Since attaching circles must be disjoint, no two distinct points of a; x - X a4 are in the
same orbit of S;. Thus, T is homeomorphic to ay X - -+ X ay ~ (S')9, so we are justified in calling it a
torus. It is a real submanifold of Sym? X.

Now say we have a Heegaard diagram (3, a,3). We then have a 2g-dimensional manifold Sym? 3
and two g-dimensional submanifolds T and Tg. In Section 2.3, we will proceed as in Lagrangian Floer
homology and define a group associated to (Sym? X, Tq,Tg). The result will be the Heegaard Floer
homology of our original manifold Y.

2.2.2 Homotopy classes of Whitney disks and moduli spaces of holomorphic representa-
tives.

As in Lagrangian Floer homology, the generators of the chain complex for Heegaard Floer homology
will be intersection points £ € T N Tg, and the differentials will come from holomorphic mappings of
disks into Sym? ¥ which “start” and “end” at intersection points. We define the relevant spaces of these
Whitney disks here. We will not discuss the analytic details; they can be found in [7].



Definition 2.11. Let @,y € To N Tg. A Whitney disk connecting  and y is a map ¢ : D> — Sym? %
such that ¢(—i) = z, ¢(i) = y, ¢(2) € T for |z| =1 and Rez > 0, and ¢(z) € Tg for |z| = 1 and
Rez < 0. Define 7o (x, y) to be the space of homotopy classes of Whitney disks connecting & and y. We
will continue to write ¢ for an element of 7a(x, y).

If we choose a complex structure on X, we get an induced complex structure on Sym? ¥, so we
can talk about holomorphic maps of D? into Sym? ¥. Let ¢ be a homotopy class in m2(x,y); certain
representatives of ¢ may be holomorphic. Similarly, if we choose a different almost-complex structure J on
Sym? ¥, we can talk about pseudoholomorphic representatives of ¢. In fact, when we say “holomorphic,”
we will almost always mean “pseudoholomorphic with respect to a suitably perturbed almost-complex
structure,” but we will not work at this level of detail.

Given a holomorphic representative ¢y of ¢, we can obtain others by reparametrization as follows.
Map D? conformally to the strip 0 < Re z < 1; then ¢ is a holomorphic map from the strip into Sym? 3,
and we can obtain another by precomposing ¢g with a translation by it for any ¢ € R. The resulting
map is homotopic to ¢g, so it is a holomorphic representative of the homotopy class ¢. In this way, we
have an action of R on the set of holomorphic representatives of ¢.

Definition 2.12. Let ,y € To N T and let ¢ € ma(x, y).

(a) M(¢) is the set of holomorphic representatives of ¢ with respect to some almost-complex
structure J on Sym? X.

(b) M(¢) := M(¢)/R, where the action of R on M (@) by reparametrization is that described
in the above paragraph.

For suitable perturbations of the almost-complex structure on Sym? ¥, these moduli spaces M ()
and M(¢) are manifolds in a natural way. Furthermore, there exists a mapping yu : m2(x, y) — Z called
the Maslov index. For ¢ € ma(x,y), one expects pu(¢) to be the dimension of M(¢), and for a suitable
perturbation of the almost-complex structure, this is the case. In fact, we have the following theorem:

Theorem 2.13. Let (X, «,3) be a Heegaard diagram. Choose a complex structure on ¥. For suitable
perturbations of the induced almost-complexr structure on Sym? X, we have the following: for x,y €
Ta NTg and ¢ € ma(x,y),

(a) M(¢) is an orientable manifold of dimension u(¢), and
(b) M(@) is an orientable manifold of dimension u(¢) — 1, and
(c) If u(¢) = 1, then M(¢) is compact.

To obtain orientations on the moduli spaces, we would need to make more choices; see Definition 3.11
of [7]. We will not worry about this particular detail; we will assume that all moduli spaces come with
orientations.

2.2.3 Spin® structures.

For some « and y in T, N Tg, the set mo(x, y) is empty. In fact, there is a simple necessary and sufficient
condition for 72 (x, y) to be nonempty. Choose a path o from x to y in T, and a path 7 from y to  in
Ts. After homotoping to avoid intersecting the diagonal if necessary, we may lift o and 7 to X x --- x X.
But a path in ¥ x .-+ x ¥ corresponds to g paths in ¥; hence ¢ and 7 give us two sets of g paths
{o1,...,0¢} and {71,..., 74} in ¥. Write cpy = >.0; + > 7; then ¢z 4 is a cycle. Note that cg 4
depends on some arbitrary choices of liftings as well as on  and y.

There is a simple way to construct cg, which does not involve Sym? ¥. Suppose © = {z1,...,24}
and y = {y1,...,yg}. Start at xy; it lies on some curve «;. Follow «; in any direction until reaching
a point y;, and add the chosen path to the chain ¢, ,. The point y;, in turn, lies on some curve fy;
follow ) in any direction until reaching a point x;, and add the path to cz 4. Take another o curve to
a point of y, then another 8 curve back to a point of x, etc. At some point, one returns to x;. If all
intersection points have been exhausted, then cy , is complete. If not, start with an unused point of x
and continue the process until all intersection points are used up. Again, choices have been made, and
Cz,y 1s nOt unique.



It will, most likely, be the case that ¢z # 0 in H;(X). However, we may use the inclusion ¥ — Y
to view cg 4 as an element of Hq(Y'). The following basic proposition asserts that including cz ., in YV
amounts to looking at ¢z, modulo the o and 3 curves:

Proposition 2.14. Let 1 : X — Y be the inclusion map. The induced homomorphism

Hy (%)

Tl ool By )

is an isomorphism.
Now we can state the necessary and sufficient condition for m2(x,y) to be nonempty:

Proposition 2.15. Let ¢,y € To N Tg. Then t.cq y is independent of the choices made in its definition;
we will call it e(x,y). Furthermore, ma(x,y) = 0 if and only if e(x,y) # 0 in H1(Y), which happens if
and only if cz.y € H1(X) is in the span of the a and 5 curves.

It is clear that for @,y,z € Ta NTg, we can use ¢z y + ¢y, to compute ¢ -, and hence e(x,y) +
€(y,z) = e(x,z). Thus, € gives the elements of T, N Tg a relative grading by Hq(Y) = H?(Y). We
would like to lift this e-grading to an absolute grading in a natural way. The solution will be to absolutely
grade elements of T, N Tg according to Spin© structures on Y, which form an affine space modelled on
H?(Y). Differences in the Spin® grading will correspond to the e-differences defined above.

For three-manifolds, the most useful definition of Spin®-structures will be the following (due to Turaev
[14]):

Definition 2.16. Let Y be a three-manifold.

(a) Two nowhere-vanishing vector fields v; and vy on Y are said to be homologous if there
exists a 3-ball B inside Y such that v; and ve are homotopic after restriction to Y\ B.

(b) A Spin®-structure on Y is a homology class of nowhere-vanishing vector fields on Y.

(¢) If 5 is a Spin®-structure on Y represented by a nowhere-vanishing vector field v, its conju-
gate Spin°-structure 5 is the one represented by —wv.

Remark 2.17. Tt is a well-known fact that all closed oriented three-manifolds are parallelizable. Thus,
they admit nowhere-vanishing vector fields and hence Spin‘-structures.

In fact, let Y be a closed orientable three-manifold; since Y is parallelizable, nowhere-vanishing vector
fields on Y correspond (after choosing a trivialization) to maps of Y into R3\ {0}. Suppose v is such a
map. Since R?\ {0} ~ S2, its second cohomology group is generated by some fixed class w. Pulling back
w by v, we get an element of H?(Y). In fact, it can be shown that the association v — v*w is defined on
the level of Spin® structures and gives a bijection between Spin®(Y) and H?(Y). If ¢ : TY ~ Y x R3 is
the trivialization we chose, we will call this bijection Fj : Spin®(Y) — H?(Y).

Fy is not independent of the trivialization ¢. However, given any two Spin® structures s; and s, on Y,
one can consider the element Fy(s2) — Fjs(s1) in H2(Y). It turns out that this difference is independent
of ¢:

Proposition 2.18. If 51,55 € Spin®(Y), then Fy(s2) — Fy(s1) € H*(Y) is independent of the trivializa-
tion ¢. We will write Fy(s2) — Fy(s1) simply as so — 51.

This proposition tells us that H2(Y') acts freely and transitively on Spin®(Y’) independently of the
trivialization of TY. In other words, Spin®(Y) is naturally an affine space over H?(Y').

We now define a Spin®(Y')-grading on elements of T N Tg. Choose a basepoint z € ¥ disjoint from
the @ and 8 curves. By Proposition 2.6(c), we can pick a Morse function f inducing the Heegaard
diagram (X, e, 3). Suppose & € T NTg corresponds to the unordered set {z1,...,z,} of points in X.
Each z; lies on a gradient flow of — f from an index 2 critical point to an index 1 critical point. Similarly,
z lies on a flow from the index 3 critical point to the index 0 critical point. These flows trace out g + 1
segments in Y. Define Y; to be Y minus a tubular neighborhood of each of the g + 1 segments.

On Yy, the vector field V£ is nonvanishing. Furthermore, Y\ Yj is a disjoint union of 3-balls. One
3-ball contains an index 3 and an index —3 critical point of f, while the others contain an index 1 and



an index —1 critical point each. Thus, on the boundary of each 3-ball, the index of V f is zero. Hence
we can extend V f to a nonvanishing vector field on all of Y, thereby obtaining a Spin® structure on Y.
Define s.(x) to be this Spin® structure. The below proposition indicates how the map s, behaves. It
also describes the dependence of s, on the basepoint z. To state this second part of the proposition, we
need a definition. Inside the handlebody U; formed by attaching the « circles to 3, a; becomes the belt
sphere of a 1-handle. There is a corresponding “dual” circle in Uy, which we can push back up into X
to obtain a curve o). Then a; intersects a; once and has zero intersection with the other o curves. Let
[f] denote the homology class of o in Hi(Y), and let PD[a}] denote its Poincare dual in H?(Y).

Proposition 2.19. Let z € ¥ be a point in the complement of the o and [ curves. The procedure
described above gives a well-defined map s, : To NTg — Spin®(Y'), where the subscript z indicates the
dependence of this map on the basepoint z. It associates to @ € To NTg the Spin® structure s,(x) in
such a way that

(a) the equation
5:(y) — 5:(x) = PD(e(w,y))
holds for all ¢,y € To, N Tg; and

(b) if e € Ta NTg, and z,2" are two basepoints connected by a small arc intersecting o; once
and having zero intersection with the other o and B curves, then

s.(x) — s (x) = £PDloj].

For a proof of Proposition 2.19, see Section 2.6 of [7].

Given a basepoint z, we have now interpreted the relative H?(Y)-grading € on To N Tg as a natural
partitioning of T N T according to Spin® structures on Y. Our construction of Heegaard Floer homol-
ogy will respect this splitting; for each Spin® structure s on Y we will define a group HF (Y,s), and we
will have HF(Y) := @yespine () HF (Y, 5).

Finally, the following definition will be important in the future:

Definition 2.20. Let s € Spin®(Y). The first Chern class c1(s) of s is defined as s —5 € H(Y).

2.2.4 Basepoints.

We saw in the previous section that the map s, : To N Tg — Spin“(Y") depends on a choice of basepoint
z € ¥. In fact, we will always assume that we have chosen some basepoint z in ¥\ {a1 U--- Uy U
B1U---UBg}. The basepoint is also important in the definition of the differential in the chain complex
below. For this purpose, we introduce the following definition:

Definition 2.21. Let z € ¥ be a basepoint in the complement of the o and g curves.
(a) V., is defined as {z} x ¥ x --- x £/5,, a submanifold of Sym? ¥ of dimension 2g — 2.

(b) Suppose x,y € To NTg and ¢ € ma(x,y). Then n.(¢) is the signed intersection number
between ¢ and V.. This definition does not depend on the choice of representative of the
homotopy class ¢, as long as a suitable (e.g. transverse to V) representative is chosen.

2.2.5 Domains.

In Section 2.2.3, we characterized when 72 (x,y) is nonempty. When it is nonempty, we want a more
concrete description of m(x,y). Unfortunately, it is hard to directly visualize maps from D? into the
2g-dimensional manifold Sym? 3 when g > 1. Luckily, we will be able to think of a Whitney disk in terms
of a 2-chain in ¥ called its domain. Besides aiding visualization, the use of domains will be essential in
showing that the sums in the differential of the chain complex we will define are finite.

Consider the (closures of the) components of £\ {a U---Uay,UB1U---UBg}; we will denote them by
{07}. A domain in ¥ is a formal sum of the regions o; which “connects two points x and y in To, N Tg.”
We now make this precise:

Definition 2.22. Let @ = {z1,...,2,} and y = {y1,...,y,} be points in To N Tg.



(a) A domain connecting x to y is a formal linear combination of the o;, say D = > n;o;,
such that D consists of 2g arcs, g of which connect z; to y,(;) for some permutation 7, and
g of which connect y; to x,(;) for some other permutation 7. The set of domains connecting
@ to y is denoted by D(x,y).

(b) Suppose ¢ € ma(x,y). The domain of ¢, denoted D(¢), is defined as follows: choose a
point z; in the interior of each ¢;. Then D(¢) := > n;0;, where n; is the signed intersection
number of im ¢ (for a suitable representative of ¢) with the submanifold V., of Sym? ¥. The
coefficients n; are independent of the z; and of the representative of ¢.

The following result tells us that, for diagrams of genus g > 2, homotopy classes of Whitney disks
are determined by their domains:

Proposition 2.23. Suppose g > 2. The map ¢ — D(¢@) is a bijection between ma(x,y) and D(x,y). If
g = 2, the map is a surjection. If g = 1, it is an injection. Furthermore, if w € ¥\ {a1 U---Uay U
B1U---UBy} and ny, (D) denotes the coefficient of a domain D on the region o; containing w, then for
RS 772(w7y)7 we have nw(¢) = nw(D((b))

Accordingly, we redefine mo(x,y) when g = 2:

Definition 2.24. Let (X, o, 3) be a Heegaard diagram of genus 2. Suppose z,y € To NTg. From
now on, me(x,y) will mean the set {homotopy classes of Whitney disks connecting « to y} modulo the
relation ¢ ~ ¢o if D(¢1) = D(¢2). With this definition, the map D is now a bijection between m2(x, y)
and D(zx,y).

It is not hard to determine all the possible domains connecting x to y. Namely, suppose D = > n,0;
is such a domain. Then, since the sum of the regions o; is a generator for Hy(X), we see that > (n;+1)o;
is also a domain connecting x to y. Informally, we have “added ¥” to D. In general, for any j € Z, the
domain Y (n; + j)o; connects x to y.

When H(Y) = 0, these domains are the only domains connecting « to y. In general, however,
elements of Ho(Y) correspond to periodic domains, i.e. domains P such that n.(P) = 0 and 9P =
> ki + > 1; 85 for some k;, l;. If D is a domain connecting « and y, and P is a periodic domain, then
D + P is also a domain connecting « to y. We have now found all such domains:

Proposition 2.25. Let ¢,y € To NTg. Then there is a one-to-one correspondence between D(x,y)
and Z x Hy(Y'). Hence, combining this result with Proposition 2.23, there is a one-to-one correspondence
between mo(x,y) and Z x Ha(Y).

Corollary 2.26. Suppose b1(Y) =0, i.e. Y is a rational homology three-sphere. Let z be a basepoint in
the Heegaard diagram for'Y, as in Section 2.2.4. Let x,y € To NTg with e(x,y) = 0. Then there is a
unique ¢ € mo(x,y) with n,(¢) = 0.

Proof. Suppose z € 0;,. We want to show that there exists a unique domain D’ connecting x and y with
a coefficient of zero on o;,. Let D = > n,;0; be any domain connecting « and y. By Proposition 2.25,
the unique choice for D’ is D' = > (n; — ng,)o;. O

There is a concrete algorithm to determine the domain of some element ¢ € ma(x,y), given x
and y. Consider the cycle cz , constructed in Section 2.2.3. If it represents a nontrivial element of

ol [Zl](é)l] vvvvv BT = H(Y), then e(z,y) # 0, so me(x,y) = 0. If, on the other hand, ¢4, is zero in
this group, then it lies in the span of the v and g curves, so by adding some multiples of these curves, we
obtain a chain ¢, ,, which is zero in H;(¥). The regions o; specify a cell decomposition of ¥ and hence
a cellular chain complex computing H,(X). Thus, we may express c’mﬁy as the boundary of some domain
D formed as a linear combination of the regions o;. Then D is the domain D(¢) of some ¢ € ma(x,y),
by the correspondence between domains and Whitney disks, and the possible choices for D arising from
this algorithm are precisely the domains of disks in (2, y).

In the case where Y is a rational homology three-sphere, i.e. H2(Y) = 0, there is a unique such D
satisfying n,(D) = 0. Again, we would like a way of constructing this D without dealing with Sym? ..
Consider 0D, which equals c’aw in the notation of the above paragraph. For each region o;, we want a
way of computing the coefficient of D on ¢;. Choose a point w; in the interior of o; and a path ~; from z




to w; which intersects c’z_’y transversely. Start at z and label the region in which z lies with the coefficient
0. Now begin walking along -;. When leaving one region and entering another, set the coefficient of the
new region to be that of the old region if there is no component of ¢}, , along the boundary. If, on the
other hand, ¢, , is traversed from right to left (according to the orientation of ¢}, ,) with multiplicity
n, take the new coefficient to be n plus the old coefficient. If c’m7y is traversed from left to right with
multiplicity n, take the new coefficient to be —n plus the old coefficient. In this way, we eventually
label the region o;, and we can perform this procedure with any ;. The resulting coefficients are the

coefficients of D on the regions o;.

2.3 The definition of Heegaard Floer homology.
2.3.1 The definition of HF.

We can now proceed to define the chain complex giving rise to the most basic form of Heegaard Floer
homology, denoted HF'. We first make the definition for rational homology three-spheres:

Definition 2.27. Let Y be a closed oriented three-manifold with b;(Y) = 0. Let s be a Spin® structure
on Y. Choose a Heegaard diagram (X, a,3) for Y and a basepoint z in ¥ disjoint from the « and 3
curves. Choose a complex structure on ¥ and a suitable perturbation of the induced complex structure
on Sym?Y ¥, as in Theorem 2.13 (where g is the genus of X).

a) As a roup, 6? Y) is defined as 7Z Ta T 5 the free Abelian roup on the points in
g B g

(b) Let € To NTg. The differential of « is defined to be
Oz = > #M(0) - y.
{ye’]l‘aﬁ']l';a,¢67r2(a:,y)\u(d)):l,nz(qﬁ)zo}

Theorem 2.28. The differential satisfies 0% = 0, so we can define ﬁ(Y) = kerd

imo *

Several remarks are in order. First of all, our assumption that b, (Y) = 0 implies that for any two
generators ¢,y € To N Tg, there exists at most one ¢ € ma(x,y) with n,(¢) = 0 (see Corollary 2.26).
Thus, there is no problem with the finiteness of the sum.

Second of all, if e(x,y) # 0, i.e. (by Proposition 2.19) if the Spin® structures s(x) and s(y) are
different, then the y-component of Oz vanishes. Thus, CF (Y) splits up as a sum of complexes according
to Spin® structures:

Definition 2.29. Let Y be as above and let s be a Spin® structure on Y. Then 6’?‘(}/, 5) = Z{{x €
To NTgls(x) = s}). By what has been said, CF (Y, s) is a subcomplex of CF(Y'), and we have CF(Y) =
Bsespine(v)CF (Y, 5).

As a third remark, the notation ﬁ(Y) is slightly misleading, since the chain complex depends on the
choices we made. The following theorem, though, tells us that the choices only matter up to homotopy
equivalence.

Theorem 2.30. Let s € Spin®(Y). Making different choices in the above definitions leads to chain
homotopy equivalent complezes CF(Y,s).

___One peculiar aspect of our construction of HF is that we introduced no homological grading on
CF. By analogy with ordinary homology, we might have expected a homological grading such that
the differential 0 lowered homological degree by 1. For general 3-manifolds, the best we can do in this
direction is a relative Z/2 grading on Heegaard Floer homology. Since we are dealing in this section
with rational homology three-spheres, however, we can do a little better: we can introduce a relative
Z-grading on each CF(Y,s).

Definition 2.31. For .,y € To NTg with e(x,y) = 0, define F(x,y) = u(¢) — 2n.(¢), where ¢ is any
class in mo(x, y). Since b1(Y) = 0, this definition is independent of the choice of ¢.
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In the definition of the differential 9, we only count disks ¢ which satisfy u(¢) = 1 and n.(¢) = 0,
so J lowers degree by one as expected. Note also that this relative grading permits a definition of the
Euler characteristic (up to an overall sign) of each group HF(Y,s) in the usual way.

This grading does not lift to an absolute Z-grading in a natural way; instead, it lifts naturally to an
absolute Q-grading in which the grading differences are all integers. We will assume the existence of this
natural Q-lift, but we will omit its definition due to space considerations.

For integer homology three-spheres, the absolute Q-gradings turn out to live in Z, so in this very
special case we do have an absolute Z-grading. In particular, for any Heegaard diagram (X, a, 3, 2)
for S3, the complex 6’1\7(5’3) computed using this diagram is absolutely Z-graded. The Heegaard Floer
homology of S? is localized in degree 0: ﬁ'o(SB) = Z, and ﬁi(SB) =0 for all i # 0.

2.3.2 Other variants: HF>* HF~, and HF™.

In the above definition of HF , we ensured finiteness of the differential by requiring n.(¢) = 0 for
any contributing ¢. There is another way to ensure finiteness of each coefficient which allows ¢ to have
n.(¢) # 0. One simply counts ¢ with different values of n,(¢) as coefficients of different formal generators
in the expression for 0z. Along these lines, we have the following definition:

Definition 2.32. Suppose Y is a three-manifold, and make appropriate choices as in Definition 2.27.

(a) As a group, CF>*(Y) := Z{(Ta NTg) x Z), the free Abelian group on generators [z, ]
where € To, N Tg and ¢ € Z.

(b) Let [z,i] € (T NTg) x Z. The differential of [z, 4] in the complex CF>(Y) is

Oz, ] := ) #M () - [y,i — n=(9)].
{yeTanTp,dcmz(2,y)|n(¢)=1}
(c) 92 = 0 holds as before, and we define HEF>®(Y) = %. Also as before, we have a splitting
of CF*(Y') into subcomplexes according to Spin® structures: CF*(Y) = @segpinc(v)CF < (Y, 5).
There is a corresponding splitting of the homology: HF*(Y') = ©segpinc(v)H (Y, 5).

Finiteness of 0 follows from the fact that for any «,y € To N Tg, there is at most one ¢ € ma(x,y)
with u(¢) = 1. For a proof, see Proposition 2.15 and Lemma 3.3 of [7]. Note that this argument could
equally well have been applied to CF.

We can define a relative Z-grading as before: if [x, ] and [y, j] are two generators for CF*°(Y’), then
F([z,i,[y,j]) := F(x,y) + 2i — 2j. The differential 0 still decreases the degree by one.

There is an obvious automorphism of CF>(Y"), denoted by U, which sends the generator [z, 1] to
[z, i—1]. This automorphism decreases the relative homological grading by 2. Thus, CF*°(Y") is naturally
a module over Z[U, U] (where here U is a formal variable acting on CF>(Y') via the automorphism
U). In fact, for any Y with b;(Y) = 0, and for any s, HF>(Y,s) is just the trivial module Z[U, U ~}]
over Z[U,U~1]; see Section 10 of [6]. Nevertheless, subcomplexes and quotients of CF*(Y,s) will have
interesting homology.

Definition 2.33. Let Y be as in Definition 2.27, with appropriate choices. Let s € Spin®(Y).

(a) CF~(Y,s) is defined to be the subcomplex of CF*(Y,s) spanned by those generators
[x,4] with ¢ < 0. It is naturally a module over Z[U].

(b) CF*(Y,s) is defined to be the quotient of CF>(Y,s) by CF~(Y,s). It is naturally a
Z[U, U1

module over 20T}

Remark 2.34. Elements of %g] ’ZU[U]I)] are just polynomials in U~!, so we will sometimes write this ring
as Z[U™1]. The reason we defined it as a quotient of Z[U, U] rather than directly as Z[U 1] was to
emphasize the fact that it has a natural action of U (as well as of U™1).

Let s € Spin®(Y). Given a choice of Heegaard diagram, there is an obvious short exact sequence
of complexes 0 — CF~(Y,s) = CF>(Y,s) - CF*(Y,s) — 0. As usual, such a short exact sequence
induces a long exact sequence in homology. The homology sequence does not depend on the choice of
Heegaard diagram:
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Theorem 2.35. There exists a long exact sequence
<o HF (Y,5) = HF>®(Y,s) = HFE(Y,s) — -
which depends only on'Y and s (up to isomorphism of sequences).
Proof. This result is Theorem 2.1 of [8]. O

Remark 2.36. Because there are no absolute Z-gradings on the complexes, this long exact sequence is
actually an exact triangle. In other words, in the statement of Theorem 2.35, the map on the far right
of the sequence is the same as the map on the far left, and the sequence keeps repeating in this manner.
Another exact triangle, associated to knot surgeries, will be very important in Section 4.

2.3.3 Three-manifolds Y with b;(Y) > 0.

We will often consider manifolds which are obtained as zero-surgeries on knots in S3 and hence have
nonzero first Betti number. Thus, we should extend our definitions to include manifolds Y with b;(Y) >
0. As mentioned above, we will not get a relative Z-grading on Heegaard Floer homology in this case. A
more pressing issue, though, is that our arguments for the finiteness of the differential in the complexes
defined above do not hold here. For @,y € To NTg with e(x,y) = 0, there may be infinitely many
distinct classes ¢ € ma(x,y) with u(¢) =1 and n,(¢) = 0.

Proposition 2.25 illustrates this phenomenon. We have ma(x,y) ~ Z x H2(Y), but while requiring
n,(¢) = 0 fixes the Z-component of ¢, there is still an Ha(Y)-degree of freedom in ¢ coming from the
addition of periodic domains. It may be the case that infinitely many of these possible ¢ have u(¢) = 1.

To avoid this problem, we will not allow ourselves to choose an arbitrary Heegaard diagram for Y.
Rather, we will restrict attention to “weakly admissible” and “strongly admissible” Heegaard diagrams,
as defined below:

Definition 2.37. Let (X, ¢, 3) be a Heegaard diagram.

(a) (X, a, B) is weakly admissible if all (nonzero) periodic domains have at least one positive
and at least one negative coefficient.

(b) Let s € Spin®(Y). (2, o, B3) is strongly admissible for s if, for any periodic domain D such
that (ci(s), H(D)) = 2n, some coefficient of D is greater than n. Here H(D) denotes the
element of Ho(Y') corresponding to D under the bijection Hs(Y') <+ { periodic domains }.

To see why weak admissibility ensures the finiteness in the differential for HF , suppose ¢ € ma(x,y)
admits a holomorphic representative. Then im ¢ is a complex submanifold of Sym? ¥ and hence has
only positive intersections with the complex submanifolds V,, for any w. Since the coefficients in the
domain D(¢) were defined to be intersection numbers with V,, for various w, these coefficients must all
be positive. But if all periodic domains P have both positive and negative coefficients, then only finitely
many domains of the form D(¢) + P have all positive coefficients. This means that only finitely many
elements ¢’ of mo(x,y) with n.(¢") = 0 can possibly admit holomorphic representatives, as required.

In general, weak admissibility will suffice for ﬁ'(Y) and HF*(Y), while HF~ (Y, s) and HF>(Y,s)
will require strong admissibility for s in order to be well-defined.

Although there is no relative Z-grading in this context, there is a relative Z/2-grading. Fix orien-
tations on the a and 3 curves, inducing orientations on T, and Tg. Given this choice of orientations,
we define an absolute Z/2 grading on elements of T, N Tg. It will depend on the orientations, but the
associated relative grading will not. Suppose « is an intersection points in To N Tg. Say gr(x) = 1 if, at
@, the basis for T, Sym? ¥ obtained by concatenating an oriented basis for T, T, and an oriented basis
for T, T agrees with the orientation on T, Sym? ¥ coming from the orientation on ¥, i.e. if Ty, intersects
Tg positively at @. Say gr(x) = —1 otherwise. It is clear that changing the choice of orientations on the
a and f curves affects the grading of each & € To N Tg in the same way. Thus, the induced relative Z/2
grading is independent of the choices.

Given a choice of orientations on the o and § curves, we can compute gr(z) for € To N Tg without
explicit reference to Sym? ¥ as follows. The point @ corresponds to g points z1,...,z, in X, where
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x; € o N fy(;) for some permutation o. Let ¢;(x) be 41 if o; intersects S, (;) positively at x;, and let it

be —1 otherwise. The formula
g

gr(z) = sgn(0) ) _e() (1)
i=1
follows from the way in which orientations on the o and § curves and on ¥ induce orientations on T,
Tg, and Sym? X.
For our purposes, this relative Z/2 grading is important since with it, the Euler characteristic of
HF (Y, s) still makes sense (up to overall sign as in the previous case) for each Spin® structure s.

2.4 Properties of Heegaard Floer homology.

We will need a few facts about Heegaard Floer homology later; they will be collected here.

2.4.1 Conjugation symmetry.
Proposition 2.38. Let s € Spin®(Y) and let § denote its conjugate. Then ﬁ(Y, 5) ~ ﬁ'(Y, 5).

Proof. Choose a Heegaard diagram (X, a, @) for Y. As noted in Section 2.1.2, (3, 3, a) also represents
Y. Since Heegaard Floer homology is independent of the choice of Heegaard diagram, either diagram
may be used to compute HF (Y). The first diagram computes HF (Y) in the usual way. In the second,
the generators and differentials are the same. However, the Spin® structures associated to intersection
points & € To NTg are different. By Proposition 2.6(c), we can pick a Morse function f inducing
the Heegaard diagram (X, e, 3); then —f induces (3,3,a). If x € ToNTg, let s,(x) be the Spin®
structure induced by @ using f, and let s, (x) be the one induced using —f (here z is a basepoint
as usual). There is a finite number of balls in Y such that on their complement, s,(x) = V[ and
s’ (x) = —Vf. But s,(x) is also represented by —V f on this complement. Hence s/, (x) and s.(x) are
represented by homologous nowhere-vanishing vector fields, so they are equal. We can conclude that
HF(Y,s,(x)) = HF(Y s (x)) = HF(Y 5Z( )). But all Spln structures s on Y for which HF(Y s)#0

are of the form s,(x) for some x. Thus, HF(Y,s) = HF(Y, 5) for all s € Spin®(Y). O

2.4.2 The Euler characteristic of ﬁ'

Proposition 2.39. Suppose Y is a three-manifold and s € Spin®(Y'). Then

+1  if Hi(Y) is finite,
0 otherwise.

X(HF(Y,s)) = {

Proof. We will prove the result in two steps. The first will be to show that X(ﬁ'(Y)) = #(H1(Y))
if H1(Y) is finite and X(ﬁ(Y)) = 0 otherwise. The second will be to show that x(ﬁ'(Y, s)) is
independent of s.

For the first step, we begin by computing #(H;(Y)) as follows: choose a Morse function f on Y
satisfying the conditions of Proposition 2.6. We get an induced handle decomposition of ¥ and hence a
cell decomposition of (a space equivalent to) Y. By Remark 2.4, the orientation on Y determines one on
3.

Consider the cellular chain complex associated to this cell decomposition. It has one generator each
in degrees 0 and 3, and it has g generators each in degrees 1 and 2. The boundary map from C; to Cy is
zero (since Hyo(Y') = Z), so we have H;(Y) = C1/im Cs. To pin down the boundary map from Cs to Cy,
we need to choose some orientations. Picking orientations for the a and S curves will suffice, since this
choice determines the signed intersection numbers between the attaching circles of the 2-handles and the
belt circles of the 1-handles.

Label the generators of Cy and Cy as x4, ...,z4 and y1, ..., y4 respectively; the x; and y; correspond
to the index 1 and index 2 critical points of f. We have the formula

Y; = Z # (i N Bj)xs,
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where the coefficients are the signed intersection numbers. In other words, with respect to our chosen
bases, the map Cs LA Cy is a map Z9 — Z9 whose matrix M has ij" entry #(a; N 3;). If H1(Y) is finite,
then M has nonzero determinant, and #(H1(Y)) = det M. On the other hand, if H;(Y") is infinite, then
M must have determinant zero. -

Hence, to complete the first step, we must show that x(HF(Y)) = det M. Write det M as the
expression desg sgn(o)#(a1NBo(1)) - - #(agNBo(gy). The term sgn(o)# (a1 NBy(1)) - - - #(yNBy(y)) is a
sum, over all intersection points @ € To N Tg whose associated permutation is o, of sgn(o)er () - - - €4(),
where the numbers €;(x) = £1 were defined in Section 2.3.3. In other words, with respect to the chosen
orientations on the « and S curves (so that gr(z) is well-defined for @ € T NTg), we have det M =
Zme%mrﬁ gr(xz). We may write this sum as #{xz € To NTg|gr(x) = 1} — #{x € Ta NTg|gr(z) =

-1} = X(ﬁ'(Y)) But, by the usual argument, X(ﬁ(Y)) = X(ﬁ'(Y)), so we have completed the first
step.

For the second step, we want to show X(ﬁl\? (Y,s)) is independent of s. Equivalently, for any a €
H2(Y), we want x(ﬁ'(Y, §)) = X(Iﬁ(Y,s +a)). As in the statement of Proposition 2.19, though, for
each o; there is a dual curve « in ¥ which intersects «; once and has zero intersection with the rest
of the o curves. Also, all curves «; and o have self-intersection zero. An elementary argument tells
us that {[a1],...,[ag],[a]],...,[e}]} form a basis for Hy(X) ~ Z*9. Hence any element of H;(X) is

in the span of the [o;] and the [a]], so any element of H;(X) is in the span of the af curves modulo

3

the « curves. In particular, since H;(Y) = ] [Zl](é)l] oy we see that {[aj],...,[a;]} spans

..........

H,(Y). Hence {PD]oj],.. .,PD[oz;]} spans H2(Y), and so we only need show that X(ﬁ'(Y,s)) =
Y(HF(Y,s + PD[a?])) for any i.

Choose a Heegaard diagram for Y which is weakly admissible with basepoints z and 2, where z and
2’ are two points on either side of «;, connected by a short arc § which intersects «; once and has zero
intersection with the rest of the « curves. Such a Heegaard diagram always exists; see Section 5 of [6].

Then, by Proposition 2.19, the generators of ﬁ(Y, s) with respect to the basepoint z are the generators

of 6’1\7(3/,5 + PD[a}]) with respect to z’. While the maps in the complex may be different, the Z/2
gradings of the generators are not, since they do not depend on basepoints. Since the Euler characteristic
in homology may be computed on the chain level, we have x(HF(Y,s)) = x(HF(Y,s + PD[a]])) as

claimed, where the left-hand side is computed using EF(K 5) with the basepoint z and the right-hand
side is computed using CF(Y,s + PD|a;]) with the basepoint z’.

O
2.4.3 HF =0 if and only if HF+ = 0.

Proposition 2.40. Suppose Y is a three-manifold and s € Spin®(Y"). Then I/{F'(Y, 5) = 0 if and only if
HF*(Y,s) = 0.

Proof. The map U, viewed as an endomorphism of CF¥(Y,s), induces a short exact sequence of chain
complexes

0— CF(Y,s) = CFt(Y,5) 5 CFT(Y,s) - 0

and hence a corresponding long exact sequence on homology. If HF*(Y,s) = 0, then clearly HF (YV,s) =
0. Conversely, suppose ﬁ(Y, s) = 0. Then HF*(Y,s) Y HF (Y,s) is an isomorphism. Suppose [z, 7]
is some element of HEF*(Y,s); then U'"![z,i] = 0. But since U is an isomorphism on homology, we
must have [z,i] = 0. This holds for arbitrary elements of HF*(Y,s), so HFE*(Y,s) = 0. O
2.4.4 The adjunction inequality.

Finally, we state the adjunction inequality for HF™ in the case of zero-surgeries on knots. It holds in
greater generality, but this case is the only one we will need.

Theorem 2.41. Let K be a knot in S with Seifert genus g. Then HF T (Ko,d) = 0 for d > g.
Proof. See Section 7 of [6]. O
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2.5 Knot Floer homology.

Let K be an oriented knot in S3. We will define invariants of K, called the knot Floer homology groups
of K, whose constructions are quite similar to those of the Heegaard Floer homology groups defined
above.

2.5.1 Marked and doubly-pointed Heegaard diagrams.

Just as we needed to choose a pointed Heegaard diagram to define Heegaard Floer homology, we need
to choose a marked Heegaard diagram for the knot K in order to define knot Floer homology.

Definition 2.42. Let K be a knot in S5.

a) A marked Heegaard diagram is a quadruple (2, «,3,m), where a = (a1,...,a,) and
g g g

B = (B1,...,8y) are sets of attaching circles like usual and m is a point in §, disjoint from

the a curves.

(b) A Heegaard diagram (X, ¢, 3) describes the knot K if the following holds: the manifold
resulting from attaching the o handlebody as usual and then attaching a 2-handle to each
Bi, 1 <i<g-—1,is S*\nb K, and 3, is a meridian p for K which intersects only one « curve
(taken by convention to be a). Another way of stating the first condition is that (X, o, 8)
describes S® \ nb K, where By = (B, ..., B4-1).

(¢) A marked Heegaard diagram for K is a marked diagram (X, a, 3, m) such that (3, a, 3)
describes K.

Remark 2.43. If (3, , B) describes K, then its associated 3-manifold must be S3. Indeed, attaching a
two-handle to the meridian of a knot and capping it off with a 3-ball always results in S3.

One way to choose a marked Heegaard diagram for K is to start with a bridge presentation of K:

Definition 2.44. A bridge presentation of a knot K, with g bridges, is a projection of K in which all
crossings take place in g designated “bridge segments” ai,...,a4 C K. At each crossing, the bridge
segment a; is required to be the piece crossing under.

A basic result in knot theory ensures that if a knot K has an embedding in S? which has g maxima
and ¢g minima in the z-direction, then K admits a bridge presentation with g bridges. Practically
speaking, if K is not too complicated, one can start with any projection of K, designate some bridge
segments corresponding to maxima in a particular coordinate direction, and then “unwrap” the rest of
the crossings. Figure 1 illustrates this procedure for the left-handed trefoil. In fact, the procedure for
the (2, 2k + 1) torus knot works just as in this figure, and the resulting projection is called the Schubert
normal form of the knot; see [12]. All our examples will be torus knots; the first two will be the trefoil
and the (2,7) torus knot, and the Heegaard diagrams we will use for these come from Schubert normal
forms.

Now we will describe how to obtain a marked Heegaard diagram from a bridge presentation. Start
by viewing the plane of the projection, plus a point at co, as S2. At each bridge segment a;, attach a
1-handle to this S? at the two endpoints of a;. Think of the 1-handle as going down below the plane.
The result of attaching these g handles is a genus g surface; this will be our Heegaard surface X. To
obtain the curve «;, close off a; with an arc inside the added handle. At this point, attaching 2-handles
according to the a curves yields a genus g handlebody. It may be visualized as the space below the plane
of the projection, with g tunnels removed.

Now, to obtain the 8 curves, first note that K \ {a1 U---Uay} consists of g components b1, ..., b,.
Discard by. For 1 < i < g — 1, let 3; be the boundary of a small tubular neighborhood of b; in X.
Gluing in 2-handles according to these 3 curves produces S3 \ nb K. Indeed, start at a point of a; and
walk alternately “underground” through the tunnels according to the segments a; and “above ground”
through the p-passageways according to the segments b;. The resulting path traverses the whole of the
knot except for the segment b,. At the endpoints of by, we may imagine coming out from the tunnels and
passageways. Taking a straight-line path between these two endpoints, above the rest of the crossings,
amounts to traversing the remainder of K.
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Figure 1: Producing a bridge presentation for the left-handed trefoil. The segments between the circles
are the bridge segments.

Figure 2: The resulting Heegaard diagram for the left-handed trefoil.

Finally, let 34 be a small circle in ¥ around a mouth of the ay-tunnel. The curve 3, is a meridian
for K intersecting only «,, and we obtain S* by performing the remaining gluings. Let m be any point
on 3, disjoint from ay. We have informally proven the following proposition:

Proposition 2.45. For any K, there exists a marked Heegaard diagram (X, a, 3,m) for K.

Figure 2 shows the result of this procedure applied to the left-handed trefoil.

Now, given a marked Heegaard diagram (3, a, 3,m) for K, one can view all the possible longitudes
for K as curves in X, as follows. Push m off 8, in one direction to obtain a point w and in the other
direction to obtain a point z. Pick a path A’ connecting w and z in the complement of the 8 curves. We
can close off A" with a short arc connecting w and z across S,4. The resulting closed curve ) is untouched
by the addition of handles according to the a and 3, curves; hence it is a curve in 9(S3\nb K) = d(nb K).
It intersects the meridian p = B4 of K once, so it is a longitude for K. As usual, the rest of the longitudes
may be obtained from A by adding copies of u.

The above discussion also shows how a marked Heegaard diagram for K gives rise to a “two-pointed”
Heegaard diagram (X, a, 3, w, z) for S, i.e. a Heegaard diagram for S® equipped with two basepoints w
and z in the complement of the  and 8 curves. The one subtlety is the ordering of w and z. To fix which
point is which, note that the (fixed) orientation on K gives rise to an orientation on each longitude A.
Pick such a A as in the above paragraph, and relabel w and z if necessary so that the short arc crossing
By goes from w to z. In this way, w and z are pinned down (up to isotopy in the complement of the
and 3 curves).
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Figure 3: The region of intersection between A and p. The horizontal lines at top and bottom are glued
together.

2.5.2 The knot Floer chain complexes.

Now we will define the knot Floer chain complex CFK>(S3, K) as well as various subcomplexes and
quotients.

Definition 2.46. Choose a marked Heegaard diagram (X, t, 3, m) for K with associated doubly-pointed
diagram (X, a, 8, w, 2).

(a) The generators of CFK®(S3, K) are elements [z, i, j], where @ is an intersection point in
Ta NTg and 4,5 € Z.

(b) The differential is given by:

8[.’1),i,j] = Z #m((b)[yal_nw((b)v] _nz(¢)]

{y€TaNTg,pEm2 (x,y) | u(¢d)=1}

Remark 2.47. This definition makes sense for any doubly-pointed Heegaard diagram (X, e, 3, w, 2), not
just those coming from marked diagrams for knots. If we have an arbitrary doubly-pointed diagram, we
will sometimes denote its chain complex as CF>® (%, e, B, w, z).

CFK®(S3, K) trivially has two Z-filtrations given by the i- and j-indices; these are true filtrations
since if ¢ admits a holomorphic representative then n,,(¢) and n,(¢) are nonnegative. Furthermore, a
key observation is that it breaks into subcomplexes according to Spin® structures on the zero-surgery
Ko. We first need to discuss these.

Let Kq be the zero-surgery of K, i.e. the manifold obtained from S® by surgery on K with its Seifert
framing. The Mayer-Vietoris sequence tells us that Hy(K() = Z, so there are Z worth of Spin® structures
on K. Choose a Seifert surface F' for K, and let F Dbe the closed surface in Ko obtained by capping off
F. The bijection Spin®(K) — Z can be realized by sending t € Spin®(Ko) to 5 (c1(t), [F]). This bijection
is independent of F'; write t,, for the Spin® structure on Ky such that 3 (cy(tm), [F]) = m. In particular,
to is the unique Spin® structure with ¢;(tg) = 0.

Let X be the Seifert longitude for K, viewed as a curve in ¥ intersecting 1 = 3, once and disjoint
from all the other 8 curves. Define v, := A, and for 1 < i < g — 1, let ; be a small isotopic translate
of B; intersecting ; in two points with opposite sign. Then ~ := (y1,...,74) is a set of attaching circles
in 3. Furthermore, the Heegaard diagram (X, o, ) describes Ky, and we can choose w as a basepoint
(z would work equally well, since there is now no 8, blocking an isotopy of the two points). Like usual,
we have a map §,, : To, N T~ — Spin®(Kp). In this context, s,, will always mean this map instead of the
trivial map from T N Tg to Spin®(S?).

We can use the map s, : To N T~ — Spin®(Kjp) to define a map s : T N Tg — Spin®(Kjy). Strictly
speaking, s depends on the marked point m in the given marked Heegaard diagram for K, but since
we will not need to vary this marked point, and since it will be useful to have m available as an index,
we suppress this dependence in our notation. After isotopy, we may assume that near the intersection
of A = 74 and p = B4, A winds once around u, intersects, and then winds back. For an illustration,
see Figure 3, which replicates Figure 3 of [5]. The point of intersection x € 84 N ey corresponds to two
closest points 2’ and x” € v, N ay. We may also assume that A does not contain the marked point m.
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Definition 2.48. Let the triple (X, a, 3, ) be chosen as above.

(a) s : T NTg — Spin“(Ky) sends € To NTg to the Spin“-structure s,,(z’) on Ky asso-
ciated to «’. Here ' denotes & with the S,-component x replaced by the point &’ defined
above.

(b) Let [x,i,j] € CFK>(S3,K). Then olx,i,7] is sm(x) + (i — j)PD]ul.

(c) For t € Spin®(Kp), CFK>®(S3 K,t) C CFK>(S3 K) is spanned by those generators
[x,14, §] with o[z, i, j] = t.
Remark 2.49. In part (a) of Definition 2.48, note that " would work just as well. Indeed, let ’ denote
x with z replaced by z”. There is an obvious domain representing a Whitney disk connecting x’ to x”’
(or vice-versa), so ¢(z’,2”) = 0 and s, (z') = s, (x”). Thus, we do not need a way of distinguishing
between x’ and x”. Also note that, by isotopy, we could use s, rather than s, to define s.
Since Spin® structures on K| are rather abstract entities, it will be useful to have a reformulation of

Spin®(Kjy)-differences between elements of To N Tg in terms of something more concrete. To this end,
the following lemma is very useful:

Lemma 2.50. Suppose @,y € To NTg. Let ¢ € ma(x,y). Then s(x) —s(y) = (n;(¢) —nw(P)) - PD[u].
Proof. See Lemma 2.5 of [5]. O
Proposition 2.51. CFK>(S? K, 1) is a filtered subcomplex of CFK> (53, K), and hence

CFKOO(Sga K) = GB’LESpimC(KO)C'F‘I(Oo(sgv Ka t)
as a filtered complex.
Proof. Immediate from Lemma 2.50 and the formula for the differential in CFK>°(S3, K, t). g

Remark 2.52. We will rarely need to consider the full sum @tespinc(Ko)CFK"o(SB, K, t). Thus, at this
point we will change notation. CFK®(S3 K) will no longer refer to this sum; instead, it will be
shorthand for CFK®(S3 K, ty). Also, if m € Z, we will often write CFK>(S3, K,m) in place of
CFK>(S% K, ty).

Remark 2.53. Now that we are working with the fixed Spin® structure to, the equation o([x,i,j]) =
s(x) + (i — j)PD[u] = top uniquely determines j once x and i are known. Thus, the generators [z, , j]
of CFK> (83, K) correspond bijectively to generators [z, i] of CEF°°(S?). In fact an examination of the
differential shows CFK> (5% K) and CF>(S?) are isomorphic as complexes. The effect of the extra
index j attached to generators of CFK>(S3, K) is to give this complex another Z-filtration. Also, since
CF>(83) is absolutely Z-graded, we get an absolute Z-grading on CFK>(S® K). We will sometimes
use the term “homological grading” as a synonym for this absolute grading.

From CFK>(S% K), which now means CFK>(S3 K, ty), we will define associated complexes

CFK{i<0}($3 K), CFK {20 (S8, K), CFK{i=0}(S3 K), and CFK(S?, K).
Definition 2.54. Let K be as above.

(a) CFK1<9}(83 K) is the subcomplex of CFK>°(S%, K) spanned by elements [z, i, j] with
1< 0.

(b) CFK120}(S3 K) is the quotient of CFK>(S%, K) by CFK{<0}(S3 K).
(c) CFK{=0}(S3 K) is the subcomplex of CFK {20} (83 K') spanned by elements with i = 0.

Remark 2.55. Just as in the oo case, CFK{=0}(S3, K) is isomorphic to CF(S3). As before, the extra
index j gives this complex a Z-filtration, and the absolute Z-grading on CF(S3) gives an absolute
Z-grading on CFK{=0}($3 K).

Definition 2.56. C/'F7((S3, K) is the graded complex associated to CFK{=0}(S3 K) as a Z-filtered
complex. The piece at filtration level d is denoted CFK (S®, K, d), with homology HF K (S3, K, d).
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K }(5’3,K) or even CFK1=00=d}(§3 K) for the

piece of the complex at filtration level d. However, the convention is to use the name C{FT((SG, K,d).
This usage should not be confused with the earlier CFK>°(S3, K, m), where m € Z. Whereas generators

[, 1, 7] of this latter group satisfy o([x,4,j]) = tm, generators [x,0,d] of C{F?((SB, K, d) always satisfy
0'([113, O, d]) = 1p.

It might seem logical to use a name like CFK

2.5.3 Conjugation symmetry.

o —

HFK is symmetric under conjugation of Spin® structures:

Proposition 2.57. For m € Z and d € Z, we have the conjugation symmetry
HFK4(S3, K,m) = HFK g_om (8%, K, —m),

where the subscripts denote absolute degrees.

Proof. See Proposition 3.10 of [5]. O

2.6 Holomorphic triangles and cobordisms.

Now that we have defined Heegaard Floer homology and knot Floer homology, we turn to maps between
Heegaard Floer groups defined by counting holomorphic triangles in Heegaard triples. Such maps may
be interpreted as maps induced from surgery cobordisms. The maps induced by cobordisms between
rational homology three-spheres behave predictably with respect to the absolute Q-grading.

2.6.1 Heegaard triples.

Definition 2.58. A Heegaard triple is a triple (3, a, 3,4), where X is an oriented genus-g surface and
a, (3,4 are three sets of attaching circles in 3. A pointed Heegaard triple (¥, a, 8,4, 2) is a Heegaard
triple equipped with a basepoint z disjoint from all attaching circles.

Suppose (X, o, 3,7) is a Heegaard triple. There are three ways to choose two out of the three sets of
circles {e, 3,7} and glue handlebodies along them to produce a 3-manifold. We will call the resulting
3-manifolds Yog, Ya~, and Yao,. In fact, whenever we have any Heegaard tuple, analogous notation
will be used. Thus, for instance, if (X, a, 3,4, ) is a Heegaard quadruple, then there are six naturally
associated 3-manifolds, and they will be denoted Yag, Yoy, Yas, Ya~, Yas, and Ys.

Starting with a pointed Heegaard triple (¥, a,3,7,2), we want to produce a map ﬁ'(Yaﬁ;) ®
ﬁ'(ng) — HF (Ya~). The map will count holomorphic triangles in Sym?X. Inside Sym? X, we
now have three tori, denoted Ty, Tg, and T,.

Definition 2.59. Let A be the standard 2-simplex with vertices v, vg, and v, (arranged clockwise)
and edges eq, eg, and e, opposite them. Let € € To NTg, y € TgNT,, and z € To N T,.

(a) A Whitney triangle connecting x, y, and z is a map A EA Sym? ¥ such that ¥(v,) = x,
P(va) =y, ¥(vg) = 2, Y(ey) C Ta NTa, Y(ea) C Tg NTy, and ¢(eg) C Ta NT,.

(b) m2(x,y, z) is the set of homotopy classes of Whitney triangles connecting «, y, and z.

(c) If Y € ma(x,y, 2), then M(v)) is the moduli space of holomorphic representatives of ; its
Maslov index is u(v), and its signed intersection with V; is n.(¢).

Remark 2.60. If ¢) € ma(x,y, z), we can define the domain D(%) of ¢ analogously to the domain of a
Whitney disk. It is a formal linear combination of the components of ¥\ (aq U---UagU S U---U Sy U

r-)/l U P U r-)/g)
We can now define the map associated to a Heegaard triple:
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Definition 2.61. Let (¥, c,3,7,2) be a pointed Heegaard triple. Define a map Fis o g,,.) from
C/'F(Yag) ®z 6’?‘(}/57) to C/’F(Yav) as follows: if & € T NTg and y € Tg N T, then

Finapy(@@y) = 3 H(M(W)) - z.

{z€TanTy Y ema(®,y,2)|1(¥)=0,n:(4)=0}

It is a nontrivial result that F(x o g,z) is a chain map, with respect to the usual differential on the
tensor product of complexes, and hence induces a map on homology. There is an analogous map from
CF*(Yap) ®ziv) CF1(Ypy) to CF1(Yay) defined by

o gy (221 © [y, 5]) = ) BM@)) - [+ — na ()]

{z€TaNT,pEm2(x,y,2)|u(1))=0}

This map also induces a map on homology.

2.6.2 Surgery cobordisms.

We are interested primarily in surgeries on knots in S2. However, when discussing the surgery exact
triangle in Section 4, we will want to consider further surgeries on knots in these S3-surgeries. Thus, in
this section, we will let K be a null-homologous knot in an arbitrary (closed, oriented) 3-manifold Y.

Suppose A is a longitude for K having intersection number +1 with [u] inside d(nb K); represent A
by an embedded circle in d(nb K). One can define a cobordism W from Y to the surgered manifold K
by starting with Y x [0,1] and attaching a two-handle H = D? x D? to Y x {1}. The two-handle is
attached as follows: the attaching circle S x {0} is glued to K, and the rest of S! x D? fills out nb K
in such a way that S! x {1} is glued to A\. The operation of gluing the 2-handle replaces the boundary
component Y x {1} with K: points in the interior of nb K do not contribute to the boundary of W,
and “new” boundary points come from the D? x S' component of OH. Because of how we glued H, the
resulting boundary component of W is exactly K.

Orient W so that it is a cobordism from Y to K. In general, any cobordism between 3-manifolds Y;
and Y3 should induce a map on Heegaard Floer homology. We will not define this induced map for all
cobordisms; we will only define it for knot surgery cobordisms such as W. To do so, we will construct a
Heegaard triple from the surgery data, and then we will make use of the constructions from Section 2.6.1.

Let (X, e, 3) be a Heegaard diagram describing K as in Section 2.5.1. The longitude A may be
realized as a closed curve in ¥; call it 7,. For 1 < i < g — 1, let ; be an isotopic translate of f;,
intersecting f3; in two points with opposite signs. Then = := (y1,...,74) is a set of attaching circles in
3. Our Heegaard triple is defined to be (X, a, 3, 7).

Consider the manifolds Yag, Yg~, and Ya associated to this triple. Clearly Yag is just S3. Also,
Yo~ is the surgered manifold K. Indeed, the difference between Yo3 and Y is that we removed a
3-ball and the 2-handle corresponding to 3, from Y,g, amounting to the removal of nb K from S$3, and
glued back a solid torus in such a way that v, = A bounds a disk. Finally, Yg is just #971(S% x S!).
This final identification holds because, first of all, 8; only intersects +; and no other ~ curve, so we can
separate the situation into g connected summands. Second of all, in the summands for 1 <i < g — 1,
the intersection pattern between S; and ~y; looks just like the standard admissible Heegaard diagram for
52 x S', while in the ¢*"* summand it looks like the standard diagram for S®.

For 1 <i < g—1, label the two points of 3; N~; as yzi More precisely, label them so that the two
obvious ways of travelling from y; to y; along 3; and then back to y; along v; each produce a circle
which bounds an oriented disk agreeing with the orientation of ¥. This choice ensures that in CF of the
S% x S summand corresponding to 3; and «;, both differentials map y; to y;", so we have dy;" = 0.

Let y, be the unique intersection point between B, and 7,. Define ©g to be {y,..., y;tl, Yg}, an

element of Tg NT-. We claim that 003, = 0 in 6’1\7(#9_1(5’2 x S1)). This fact is a consequence of the
following proposition from [6]:

Proposition 2.62. IfY = Yi#Y,, then CF(Y) = CF (Y1) @z CF(Y2).
Proof. See Proposition 6.1 of [6]. O
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Using induction, we see that we can write Og, as yfr Q- ® y;r_l ® yg under the appropriate
identification, so 00, = [(y; )@@yl Qygl+.. .+ [y @@y} 1)@yl +[yf @ @y} ®(y,)).
But 0y, = 0 and By;r =0for1 <i<g—1,s0 00y =0. Hence O, represents a homology class in
HF (Ya).

There is an obvious analogue of the above computation for HF*: since the differential of [©g+, 0] in
CF*(Ygy) counts the same disks as the differential of ©g, in C/'F(ng), it is also zero. Hence [©g, 0]
represents a homology class in HEV (Y. ).

We can plug these distinguished elements of HF (Ygy) and HF*(Yay) into the maps defined in
Section 2.6.1 to define the maps induced by the surgery cobordisms:

Definition 2.63. Let W be the surgery cobordism from Y to K.
(a) The map Py : ﬁ(Y) — ﬁ(KA) sends € To NTg to F(E)awg),y)z)(w ® Opy).

(b) The map @y : HFEH(Y) — HFT(K)) sends [z,i] € (To NTg)xZ=° to F(E By (2, 1@
O+ 0]).

Note that to avoid a cluttering of notation, we will use @y to denote both the map on HF and the map
on HFT. There are analogous maps on HF~ and HF,

2.6.3 Spin° structures on cobordisms.

Here we cite without proof the results needed concerning Spin® structures on cobordisms. Let W : Y; —
Y5 be a cobordism; there is an induced map ®y on Heegaard Floer homology. We have only defined
®y when W is a knot surgery cobordism, and we will only need this case, but the first proposition in
this section holds for any cobordism.

The key fact is that @y splits up as a sum of maps @y, according to Spin® structures v on W.
Unfortunately, the interpretation of Spin® structures in terms of nowhere-vanishing vector fields only
works for 3-manifolds. Rather than defining Spin® structures on 4-manifolds, we simply state the relevant
proposition without proof, in the case where Y7 and Y5> are rational homology three-spheres.

Proposition 2.64. Suppose W is a cobordism from Yy to Ya, where Y1 and Ys are rational homology
three-spheres.

(a) There is a map c1 : Spin®(W) — H2(W) called the first Chern class. It gives a bijective
correspondence between Spin® structures on W and {a € H*(W)|a(z) = -2 mod 2 Vx €
Hy(W)}, where - denotes the intersection pairing on Ha(W).

(b) There is a restriction map which associates to v € Spin®(W) a Spin® structure tly, on Yy
and a Spin® structure |y, on Ya.

(¢) The map ®w : HF° (Y1) — HF°(Y2) is a sum, over all v € Spin®(W), of maps Py :
HF°(Y1,81) = HF°(Y2,52), where s; = t|y;, and HF® stands for HF or HF .

(d) For v € Spin®(W), the map ®w,. shifts the absolute Q-grading by cl(t)2_2X(XV)_3U(W),
where x(W) is the Euler characteristic of W and o(W) is the signature of the intersection
pairing on Hay(W).

Remark 2.65. The intersection pairing on Ho(W) is a well-defined integer-valued pairing. If z,y €
Hy(W), then PD[z] and PD[y] are in H2(W,0W ). Their cup product PD[z] U PD[y| is in H*(W,0W),
so it can be paired with the fundamental class [W] € Hy(W, W) to produce an integer.

The cup product pairing on H?(W), on the other hand, takes some care to define. Consider the
inclusion of pairs j : (W,0) — (W,0W). Consideration of the exact cohomology sequence of (W, 90W)
with Q coefficients shows that H?(W,0W;Q) AN H?(W;Q) is an isomorphism. Now, if a € H*(W;Q),
we have (j*)71(a) € H*(W,0W;Q). For a and b in H*(W;Q), we may define their cup product pairing
to be ((5%)71(a) U (5*)71(b))[W]. The result is a rational number, not an integer. In particular, c; (r)?
in the above proposition may not be an integer.
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Theorem 2.66. Let W : Y7 — Y5 be a cobordism and let v € Spin®(W). There is a commutative diagram

O—>HF7(Y17'C|Y1) —>HFOO(Y17t|Y1) —>HF+(}/1at|Y1) —0

l‘bw,t \L@W,t \L@W,t

O—>HF7(}/27'C|Y2) —>HFOO(}/27t|Y2) —>HF+(}/2at|Y2) —0

where the horizontal sequences come from Theorem 2.35.

For surgery cobordisms, we can describe the splitting @y = > P, in terms of holomorphic trian-
gles.

Proposition 2.67. Suppose (3, ., 3,7, 2) is the Heegaard triple associated to A-framed surgery on a
knot K in'Y, and let W be the surgery cobordism from'Y to K.

(a) Forx € To NTg and y € T NT, ma(x, Op~, y) is nonempty if and only if there exists
v € Spin®(W) such that t|y = s,(x) and |k, = 5,(y). In such a situation, we will say s,(x)
is cobordant to s, (y).

(b) If mo(x,Op~,y) is nonempty, there is a natural mapping ma(x,Oa~,y) — Spin®(W),
denoted 1 — 5.(1)), such that for all 1 we have s.(¢)|y =s.(x) and 5.(¢)|k, =5-(y).

(c)
Duye(a) = 3 HM®©) .

{yeTaNTy, Yem2(x,Opy,y)|1(¥)=0,n-()=0,5- (V) =t}

2.6.4 Cobordisms from S° to K.

When K is a knot in S® and A = Ageif +pp, where p # 0, the surgery cobordism W), satisfies Hy(W,,) = Z.
To find a generator for this group, choose a Seifert surface F' for K. View it as living inside S3 x I such
that OF C S3 x {1}. Cap it off inside the added 2-handle D? x D? to obtain a closed surface S in
W,. The homology class [S] generates Ha(W,,), and it satisfies [S] - [S] = —|p|. Let [S]* € H*(W,) ~Z
denote the element dual to [S], i.e. the element such that [S]*([S]) = +1. Then [S]* generates H(W,).
Furthermore, by Proposition 2.64, Spin® structures on W, correspond to those elements k[S]* of H?(W)
satisfying k[S]*(z) = = -2 mod 2 for all € Ho(W). But this equation amounts to requiring that
k= Kk[SI*([S]) =[S] - [S] = —|p| mod 2. Hence, if p is even, then Spin® structures on W), correspond to
{(2k)[S]*|k € Z}, and if p is odd, Spin® structures on W, correspond to {(2k + 1)[S]*|k € Z}. Either
way, if v is a Spin® structure on W), with ¢1(v) = k[S]*, then the quantity (c1(¢), [S]) —p =k —p is even.
For m € Z, define t,, to be the Spin® structure on W, such that (c1(v),[S]) —p = 2m.

Proposition 2.68. For m,m’ € Z, we have ty,|k, = tm/|K, if and only if m =m’ mod |p|.

We already know (from the Mayer-Vietoris sequence) that there are |p| distinct Spin® structures on
K, and now Proposition 2.68 gives us a way to label them. Namely, for [m] € Z/p, let sy := tmlx, -

We will often refer to sp,, simply as [m]; thus, we have the formula ﬁ'(KP) = Y (mlez/p ﬁ'(KP, [m]).

In particular, note that all Spin® structures on K, are cobordant to the unique Spin® structure on S3.
Finally, as an addendum to Remark 2.65, note that Ha(W),) EA Hy (W, 0W,) is multiplication by

+p. Correspondingly, H*(W,, 0W,) J—*> H?(W,) is also multiplication by +p. From this formula, we can

see explicitly that j* is an isomorphism with Q coefficients. We can also use it to compute (c1(tp,))?,
which will be useful in future arguments:

Proposition 2.69. Let v, be the Spin® structure on W, defined above. Then

(c1(6m))? = —~(2m + p)?.

p
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Proof. We first need to know what ([S]*)? is. By Remark 2.65, we look at (5*)~*([S]*). This element is
some rational multiple of the generator PD[S] of H2(W,0W;Q). Above, we said that j* was multipli-
cation by p. In other words, it sends the generator PD[S] of H?(W,dW) to +p times the generator [S]*
of H2(W). Thus, (5*)~1([S]*) = :l:}—leD[S]. We can now compute:

([S])? = I%(PD[S] U PD[S])[W]
1
= 5151-18]
1
-1
Thus, 1 (5, ()2 = ((2m + p)[S]*)? = —%(2m+p)2. O

2.6.5 Cobordisms from K, to S°.

Inside K, = (S* \ nb K) Ug(ub ) (D? x S1), there is a knot K’ given by {0} x S*. If ;1 denotes the
meridian of K, then y is a longitude for K’. Performing p-framed surgery on K’ results in S3. We thus
have a surgery cobordism from K, to S®. This cobordism will come up several times in the rest of the
paper; for notational convenience, we will just call it W and suppress the dependence on p.

On the other hand, by basic Morse theory, one can see that W is actually the same four-manifold
as W,. Thus we may apply the results of Section 2.6.5 to W. As before, [S] is a generator of Hao(W),
and [S] - [S] = —p. The Spin® structures on W are the t,, defined in Section 2.6.4. They satisfy
(c1(tm), [S]) — p = 2m, and we have v, |k, = [m].

2.6.6 Area filtrations.

Because Heegaard triples play an important role in defining area filtrations on Heegaard Floer homology
groups, and because area filtrations will be relevant in both Section 3 and Section 4, we discuss these
filtrations here.

The most basic type of area filtration comes from areas of disks in an ordinary Heegaard diagram.
Let Y be a 3-manifold, and let (X, e, 3,2) be a Heegaard diagram for Y. For the sake of simplicity,
assume Y is an integer homology 3-sphere (in fact, for our applications, we will only need to consider
Y = S%). Suppose we have an area form on ¥ such that all periodic domains have zero area. Choose
xo € To N Tg. We can define a filtration on 6’1\7(3/) as follows: for x € To NTg, choose ¢ € ma(xo, )
with n,(¢) = 0 (such ¢ exists since there is a unique Spin® structure on Y, so all e-differences are 0).
Define

F(x) = —A(D(¢)),

where A denotes the signed area of a domain in ¥. The function F is well-defined since if ¢’ is another
element of ma(xg, ) with n,(¢) = 0, then the domains of ¢ and ¢’ differ by a periodic domain P, and
A(P) =0 by assumption.

For F to be a filtration on the chain complex 6’1\7(3/), we want to ensure the differential does not
increase F. Suppose & € To NTg and ¢ € ma(xo, ) with n,(¢) =0. If y € To N T, and ¢’ € ma(x, y)
represents a differential from @ to y, then ¢px ¢’ € ma(xo,y), and n,(p*¢’) = 0, so we can use the domain
of ¢’ to compute F(y). But D(¢x¢') = D(@) + D(¢/), so —A(D(¢ *¢')) = —A(D(@)) — A(D(¢)) =
F(x)—A(D(¢')) < F(x) since domains of disks representing differentials have all nonnegative coefficients.
Thus, the differential decreases F.

Now suppose we have a Heegaard triple (X, o, 3,4, z), where ¥ is again equipped with an area form
such that all periodic domains have zero area. We require that either Y, or Y.~ is a homology 3-
sphere; it follows that the «, 8, and v curves span H;(X). We will also restrict attention to the case
when Yg, = #971(S? x S'), which is always true when the Heegaard triple arises from a knot surgery.
As above, we have an element ©g. in 6’1\7(3/57) which represents an element of homology.

Given this data, a construction analogous to the one above, using holomorphic triangles rather than
holomorphic disks, defines an area filtration on Yo~. Choose xyp € Tq N Tg. For y € To NT,, pick

23



1 € ma (@0, O, y) with n. (1)) = 0. Such ¥ exists since the «, §, and v curves span H;(X). Indeed, we
may construct the domain of ¥ as in Section 2.2.5. We may now define

Fly) = —AD(®)).

Again, F is well-defined since all periodic domains have zero area. To see that the differential on
CF (Ya~) decreases F, let y,y" € Tq NT, and suppose ¢ € ma(y,y’) represents a differential. Choose
¥ € ma(x0, Oy, y) with n. () = 0. Then ¢ * ¢ is an element of ma(xo, Ogy, y') satisfying n. (¢ x ¢) = 0,
s0 9 * ¢ may be used to compute F(y'). But then F(y') = F(y) — A(D(¢)) < F(y).

Finally, in the proof of the exact triangle in Section 4, we will consider a third filtration using squares.
This time, we start with a Heegaard quadruple (X, ¢, 3,7, 8, 2) with an area form on ¥. We require that
all periodic domains have zero area and that one of the three manifolds Yo3, Yoy, or Yos is an integer
homology 3-sphere. We will also assume that both Yg, and Y,s are #971(S2 x S1); we have elements

Opy € ﬁ(ng) and O4s € 6’1\7(3/75) which represent elements of homology. Choose g € T NTg.
For y € To N Ts, pick ¢ € ma(xo, Opy, O~.5,Y), the set of homotopy classes of maps of squares (defined
analogously to disks and triangles), with n.(¢) = 0. Such ¢ exists as long as m2(xo, Ogy, O~.,5,¥y) is
nonempty, which is true since the «, 8, v, and § curves span H;(2). Define

The same arguments as before show that F is a well-defined filtration on CF (Yas)-

3 Computing the Heegaard Floer homology of large integer
surgeries on knots in S°.

3.1 Introduction

The purpose of this section will be to answer the following question: given a knot K in S3, how does
one compute HFT(K,) when p is large in absolute value? We will give an answer in terms of the knot
Floer chain complexes of K. In the spirit of Section 2.5.2, we make the following definition:

Definition 3.1. Let K be a knot in S® and let n be an integer. The complex CFK {20727} (83 K) is
the quotient of CFK>°(S3, K) by the subcomplex generated by elements [z, 4, j] with i < 0 and j < n.

Remark 3.2. From now on, we will not explicitly spell out the definitions of such quotients or subcom-
plexes of CFK® (S, K). They are all analogous to this one.

Theorem 3.3. Let K be a knot in S3. Let g be its genus. There exists an integer N such that for all
p > N, the following equation holds:

Hl_ *(2mzrp)z+1) (CFK{iZO7jZ_m} (SgaK)) |m| S g,
P
HF;' (93) otherwise,

_ —(@m+p)2+p
4p

HE (K _p, [m]) ~

for [m] € Z/p. The subscripts denote absolute Q-gradings.

Theorem 3.3 is a relatively straightforward consequence of Theorem 3.4 below, which identifies all
variants of HF°(K_,, [m]) but does not explicitly mention absolute gradings. Theorem 3.4 uses a map
®: CFK>(S3,K) = CF>*(K_,), which we now define. Pick a Heegaard triple (¥, o, 3,7) associated
to the surgery data (K, \,) as in Section 2.6.2. More precisely, choose A, to follow Ageis closely except
near pt = (4 and then to wind tightly p times around p, intersecting somewhere in the middle (after
about p/2 winds). Mark a point m € Bg4; then (3, a, 8, m) is a marked Heegaard diagram for K, and
there are associated basepoints w and z. For a generator [z, i, j] of CFK>(S?, K), define

®([w,i,5]) = > H#M()[@, i — ny (V).

{yeTamT"y7¢€W2mv@ﬁ'yvy‘:“'(¢):01nw ("p)*nZ("p):Z*J}
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Theorem 3.4. Fiz m € Z. Suppose p > 0 is very large relative to m. The map ®, and appropriate
restrictions, fit into the following two diagrams, in which the unlabelled horizontal maps are the standard
inclusions/projections and each vertical map is an isomorphism of chain complezes:
0 ——= CFK{i<00rj<0}(§3 [ m) —— CFK>(S% K,m) — CFK120320}(§3 K m) —=0
| | |

0 ———=CF (K, [m]) ——— CF*(K_,[m]) ———=CF"(K_p,[m]) ——0

0 — CFK{min()=0} (g3 K ) — CFK{i20520}(§3 K, m) > CF K i20920}($3 K m) — 0

| | |

CF(K_p, [m]) CFH(K_p, [m]) ——— CF*(K_p, [m]) ——0

0

In the bottom diagram, the map U : CF K {120,120} (83, K,m) — CFK1i20.j20} (83, K,m) sends a gen-
erator [x,1,j| to [x,i— 1,7 —1].

We have an analogous theorem for large positive surgeries. To state it, we first define a map ¥
from CF>(K,,[m]) to CFK>(S®, K, m). Changing notation from above, let (X, ct,~, 3) represent the
surgery data (K,A_,). Now m is a marked point in 7,4, and (X, 3,7) is a Heegaard triple for the
cobordism W from K_, to S3. If [z,i] is a generator for CF>°(K,, [m]), where & € To N Tg, then

U([e,i]) = > HM(D) - [y, i —nw(¥), 1 — na ().

{YETaNT, $Em2(2,0p8y,9) | 1($)=0,5 (c1(s(9)),[F]) +nw () —ns (v)=m}
Theorem 3.5. Fiz m € Z. Suppose p > 0 is very large relative to m. The map ¥, and appropriate
restrictions, fit into the following two diagrams, in which the unlabelled horizontal maps are the standard
inclusions/projections and each vertical map is an isomorphism of chain complezes:
0 ————= CF~ (Kp, [m]) ————— CF>*(K), [m]) ———— CF* (K}, [m]) ————>0
0 —— CFK{i<0:<0}(§3 K m) ——= CFK>(S% K,m) —= CFK20 ori20}(§3 K m) —=0

U

CF(K,, [m]) CF*(K,, [m]) CFH(Kp, [m]) ——— 0

‘| ‘| .
0 — CFKmax(.0)=0} (83, [ m) — CF K120 o7 120} (§3 | ) 2= CFKA>0 07 520} (83 K ) — 0

Theorem 3.4 and Theorem 3.3 will be proved in Section 3.6; Theorem 3.5 is analogous.

As these theorems show, the question of how to compute CFK*(S?, K) is crucial for computing the
Heegaard Floer homology of large surgeries. In what follows, we outline an algorithm for performing the
computation of CFK>(S3, K). We then carry it out explicitly in a few concrete examples.

3.2 Generators of CFK®

The first task will be to determine the generators of CFK>(S3, K). Recall that an element [z,i, ],
where x € T, NTs and 4,5 € Z, represents a generator of CFK>(S?, K) precisely when o([z,1, j]) =
s(x) + (i — j)PD[p] = to. In particular, for elements with ¢ = 0, the index j is determined by x, as a
result of the equation jPD[u] = s(x) — to. Unfortunately, from this equation it is hard to see an explicit
formula for j given @. Following [13], we will discuss an algorithm for computing j which is based on
the Fox calculus.

For & € T, NTg, let j(x) be the unique integer such that o([x,0, j(x)]) = to; in other words,

s(x) — j(x)PDlp] = to. (2)
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Figure 4: A grid representing the generators of CFK*(S3, K), where K is the (3,4) torus knot.

We may list the generators of CFK{=0}(S3 K): they are triples of the form [,0,j(x)], where z €
T, NTs. Applying the automorphism U, we obtain the following characterization of CFK*(S3 K) as
a group:

Proposition 3.6. Let K be a knot in S3. Without regard to differentials (i.e. as an abelian group),

CFE®(S*,K)= @@ Z-[z,ii+j)].
mETaﬂTg,iEZ

A good pictoral way to represent C FK°°(S3, K) is by drawing a grid. The horizontal axis is indexed
by 4, and the vertical axis is indexed by j. For each intersection point & € T, N Tg, mark the points on
the line {(é,7 + j(x))|¢ € Z}. Then, at a point (4, ) on the grid, place a number indicating how many
times that point has been marked. Figure 4 shows this grid in the example of the (3,4) torus knot.

We now turn to the issue of computing j(x), given & € T, N Tg. For this, we will use Fox calculus.
We will describe an algorithm for attaching an integer A(x) to each intersection point @. The letter A
has been chosen since the Fox calculus techniques involved in computing A(x) are identical to those used
to compute the Alexander polynomial of K; we will call A(x) the Alexander grading of . We will then
show (Theorem 3.9) that, in fact, we have A(x) = j(x).

3.2.1 Fox calculus algorithm for computing Alexander gradings.

Choose a marked Heegaard diagram (X, a, 3,m) for K coming from a bridge presentation of K as in
Section 2.5.1. Pick arbitrary orientations of 3i,...,3,. Orient the o curves such that for each 3;,
1 <i<g—1, the sum of the intersection numbers Zj Bi - o is zero, and such that the short arc in oy
connects w to z (rather than z to w). While this may not be possible in an arbitrary Heegaard diagram,
it is clear from the form of the 8 curves that it can be done when the diagram comes from a bridge
presentation. Choose a “starting point” @; on each (;, away from intersections with the a curves. For a
fixed j, the curve o; intersects the 8 curves in a number of points. Call these points x; 1, 2, Z;3, - . ..
The second index here represents an arbitrary enumeration; it is not related to the index of any 5 curve.

For each f3;, we will define a word w; in the formal letters a;; and their formal inverses. Begin at
the starting point @); and travel along §; in the direction of the chosen orientation. Upon reaching an
intersection point of ; with a curve a;, add the letter o; to the right side of the word if 3; crosses «;
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from right to left, and add a;l if 8; crosses from left to right. End the process after traversing (; once
and arriving back at Q;.

We now have g words {w1,...,w,} in g letters s, ..., ay. Form the g x g matrix M whose (¢, j
entry is the free derivative of the word w; with respect to the letter a; (“free derivative” means the
derivative in the sense of Fox calculus, which is computed slightly differently than a standard partial
derivative). Now pick a new formal letter ¢ and set each «; equal to ¢ (and each a;l equal to t~1). This
procedure yields a g X g matrix P whose entries are Laurent polynomials in .

Consider the Laurent polynomial F;; corresponding to the free derivative of w; with respect to o;.
Each term in P;; comes from an occurrence of a; or a;tin w;, and each such occurence comes from a
specific intersection point x; ;. of a; with 8;. Label the term with these two indices j and k. For example,
if P;j =1—1t"2+¢73, the terms might be labeled as 142 — t;? + tii. It is clear that each pair of indices
(4, k) representing an intersection point occurs exactly once on a term in some P;;.

Now take the determinant of P using the permutation expansion. Make no cancellations, except that
multiplication of any term by zero removes that term from the calculation. The result is a single Laurent
polynomial in ¢; every term carries g pairs of indices (j1,k1), ..., (jg,kg). Since the indices j; must all be
distinct, we have {j1,...,74} = {1,...,¢}. Thus, we may relabel j; as i. We will write the term carrying
the indices {(1,%1),...,(g,kq)} as t((il.,kl),....,(g.,kg)'

A set of g pairs of indices appearing on a term in det P comes from a set of g intersection points
{1k, 1k, }. Furthermore, each pair of indices comes from a different row of P and hence from a
different o curve. Thus this set of intersection points corresponds to a point € T, N Tg. In this way,
each x € T, N Ty appears exactly once in the expression for det P.

)th

Definition 3.7. For & € To NTg, define A’(x) to be the degree d in t of the corresponding term
t?l,kl),...,(g,kg) in det P described above.

The function A’ depends on various arbitrary choices such as the basepoints @); in the 8 curves. It
turns out, though, that we can shift A’ by a constant independent of x to obtain a function x — A(x)
which is independent of these choices. We first describe how to make this shift and then prove that
Alz) = j(z).

To define the function A, note that if we allow ourselves to cancel terms in det P, we get
det P = +t*A(K), (3)
for some k € Z, where A(K) is the symmetrized Alexander polynomial of K.

Definition 3.8. The Alexander grading A(x) of x is A’(x) — k, where k is the unique integer satisfying
det P = +tFA(K).

3.2.2 Proof that the Fox calculus algorithm works.
As promised, the Alexander grading A(x) is equal to the index j(x) defined earlier:

Theorem 3.9. Let x € To, NTg. Then A(x) = j(x).

Proof. Suppose ® = {21 ,,..., Ty, }, and let tl(il,kl) 9ok be the corresponding term of det P. We

may write this term as H?thZfdg, where t% comes from taking the free derivative of some word w; as
described above and setting every letter equal to . Working out the mechanics of free derivatives, as
well as the definition of the words w;, we can calculate d; as follows. For each curve o, we have chosen
an orientation, so it makes sense to define a curve o by pushing a; slightly to the left with respect to
its direction of travel. Then d; equals the number of intersections (with sign) of 8; with the curves o
when traversing §; from the starting point @; to the intersection point x;,. Hence d = Zj d; is the
total number of intersections of 5 curves with the o} curves, when the 8 curves are traversed from the
starting points @; to the intersection points x; .

Now suppose « and y are two points in T, N Tg. Let t((il,kl),,..,(g,kg) be the term in det P corresponding

to x, and let t‘(ii K)o 9ok ) be the term corresponding to y. The above computation tells us that
’ s \Ghlvg

A(x) — A(y) = d — d' is the total number of intersections of S curves with the o curves, when 3; is
traversed from the point 2; 4 to the point z; ;.
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Hence A(x)— A(y) is a sum of intersection signs. We can break this sum up according to the « curves.
For each j, let B; be the segment of 3; connecting @/ to @k, Then A(x) — A(y) =3_,(ai- (3_; Bj)),
where - denotes the signed intersection number. Recall the curve cg 4 from Section 2.2.3. As long as
Cz,y has no component along 3,4, we have o} - (3_, Bj) = j * ¢z y, SO

Alx) — Ay) = Z A+ Cop g (4)

Note that ¢g 4 is only uniquely defined up to the addition of full & and 3 curves. However, o Na; = 0)

for all 4,7 and (3, o)) - B = (3, ;) - B; = 0 for all j # g by our orientation convention for the a curves.
H, (%)

1]y, agl,[B1],-s
no component along ;. In particular, we can take ¢z = c’aw minus ziny [pijssible B4 component, where
Cpy = 0D(¢) for the unique ¢ € m(x,y) with n,(¢) = 0. We will denote this choice of ¢ 4 by J.
We have arrived at the equation A(x) — A(y) = >_,(c - 0). Recall that the only « curve intersecting
By is ay. Hence, for i # g, we have a; - § = aj - ¢, ,,. But ¢, ,, is zero in Hy(X), so this intersection
number vanishes. Thus most terms in our expression for A(z) — A(y) cancel, and we are left with

A(x) — A(y) = aj - 0.

Now recall from Section 2.2.5 that we can compute the multiplicity of ¢ on a region by picking a
point in that region and a path from w to that point. In particular, to compute n,(¢), we can pick a
path v from w to 2. We choose v to be a segment of aj (or possibly a small isotopic translate), going
the long way around and hence not intersecting 3,. Then af - 6 = v - 9(D(¢)). From the computation
in Section 2.2.5, a positive intersection of v with d(D(¢)) with multiplicity n adds n to the coefficient in
D(¢) of the next region, while a negative intersection with multiplicity n subtracts n from the coefficient.
We start with coefficient 0 and end with n, (@), so v-9(D(¢)) = n.(¢). We have now derived the equation
A(z) — Aly) = n.(9).

Since nw,(¢) = 0, we may write this equation as A(x) — A(y) = n.(¢) — nw(¢). Proposition 2.50
then becomes s(xz) — s(y) = (A(x) — A(y)) - PD[u]. But we also have s(x) — j(x)PD[u] = ty and
s(y) — j(y)PD[u] = to. Therefore, s(x) —s(y) = (j(x) — j(y))PD[u]. We may conclude that A(x) —
A(y) = j(x) — j(y). Rearranging terms, A(x) — j(x) = A(y) — j(y) for all  and y.

Hence the mappings  — A(x) and = — j(x) only differ by a constant independent of . We are
done if we can show this constant is zero. Indeed, another way of saying that A and j differ by a constant

is to say that for some [ € Z,

Hence, in equation 4, we can choose any representative for cy , in T

det P =t Y~ (—1)yEned@),

z€TaNTg

Here, sgnx denotes the Z/2-grading of «, which is well-defined since we chose orientations on the « and
B curves. The above equation holds because sgn x agrees with the sign on the term corresponding to x
in det P. Note that we may write the right-hand side of this equation as +¢' ", , tdx(C/'F7((53, K,d)).

Now compare this formula with Equation 3, which says det P = +t* A(K) for some k. We are done
if we can show k = [, since A was defined by shifting degrees in det P by k, while [ was defined as the
shift in degree from det P to the function & — j(x). Putting our formulas together, we have

A(K) = +t7F S 19(CFK (5%, K, d)),
deZ

and we want [ — k = 0.

Since the highest and lowest degrees of A(K) are symmetric about zero, it will suffice to show the
same is true for the right-hand side of the above equation. But X(C/'F?(SB, K,d)) = x(ﬁﬁ{(ﬁ K,d)),
and by Proposition 2.57, we have the conjugation symmetry @(53, K,d) = @(53, K,—d). Thus,
the highest and lowest degrees of the polynomial ), , tdx(O/FT((S?’, K,d)) are symmetric about zero.
Hence | — k = 0, completing the proof.

([l

Remark 3.10. Note that since 3, intersects a, once and intersects no other o curves, the bottom row of
the matrix P will always look like (0,...,0,+1). This fact has a few consequences. First of all, det P
is equal to the determinant of the submatrix (P;;); j<g—1. Second of all, points € Tq N Tg, which a
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Figure 5: A grid representing C FK>(S3, K), where K is the (2,7) torus knot. Since no differentials
preserve both i and j in this example, the grid also represents CFK(S3, K). The right-hand side
represents CFK{20721} (83 ).

priori are described by g pairs of indices {(1,%1),...,(g,kq)}, may actually be described by the g — 1
pairs of indices {(1,k —1),...,(g — 1,kg—1). We will reflect this fact in our notation. Hence, we will
often take = to be synonymous with {z14,,...,29-1,k, .}, and a term of det P will be labelled like
EL k) (g1

Furthermore, when g = 2, this convention means that a point € € T, NTg may be described by a
single pair of indices: & = {1, }. In this case, we will drop the 1 from the notation, and simply write
x = . A term of det P will be labelled like ¢ for some k. This change will simplify the notation for
the first two examples we consider, since both have g = 2. The final example, though, will have g = 3,
and so this further simplification will not apply.

3.3 Differentials in CF K
3.3.1 Symmetries and reduction to CFK{=C}(S3 K).

The other half of the picture consists of finding the differentials in CFK°(S3, K). We will indicate
these differentials with arrows in the grid diagram. An arrow will stand for a single disk ¢ with u(¢) =1
and #M(¢) = £1. In our examples, these are the only differentials. Figure 5 illustrates the complete
grid, with differentials, in the case of the (2,7) torus knot. It also shows the portion of the grid which
computes HF T (K_,,[—1]) for large p, by Theorem 3.3.

Since CFK®°(S3, K) has many generators, computing the differentials may seem a daunting task.
The @ <+ 7 symmetry, though, will simplify things considerably. This symmetry does not hold on the
level of CFK>(S3, K), as Figure 4 demonstrates. However, we have two filtrations on CFK>(S?, K).
Define CFK2(S3, K) to be the complex obtained from CFK>(S3, K) by cancelling all differentials
which preserve both the i-filtration and the j-filtration.

Proposition 3.11. The compler CFK°(S3, K) is symmetric under the interchange of i and j.

As is typical with filtered complexes, cancelling the differentials of CF K (S3, K) step-by-step yields
the homology of the complex. Thus, reducing to CFK°(S%, K) first and then taking homology produces
HFK® (5%, K). More to the point, note that to compute H,(CFK12%72=m}(53 K)), we can cancel the
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filtration-preserving differentials at the very beginning, before getting rid of CFK1#<0ori<-m} (g3 k)
In other words, H,(CFK{i2052=m} (83 K)) = H,(CFK{=%2"™} ($3 K)).

We have reduced our work to computing the complex CFK(S? K). The automorphism U will
simplify the situation even further. If we can compute CFK Li=0y (83, K), then by applying powers of
U we can reconstruct all differentials in CFK°(S3, K) which preserve i. Proposition 3.11 then gives
us the differentials which preserve j. But in our examples, the homological grading will ensure that no
differentials can decrease both i and j. Hence we will have rebuilt all of CFK°(S3, K).

In summary, we will analyze our examples by first computing the complex CFK{=0}(S% K). We
will then cancel the differentials which preserve j, producing CF K ;{izo}(S3, K). Applying U and using
Proposition 3.11 as just described, we will obtain CFK(S3, K). Finally, taking homology of the
appropriate portion of this complex gives HEF'T of large surgeries on K.

3.3.2 Maslov indices.

Generators of CFK{=9(83 K) are points [x,0,j] where x € To NTg and j = A(x). Since j is
determined entirely by x, we will often just refer to the generators of the complex as points € € T N Tg.

If  and y are generators of CFK =0 (83 K), then finding the y-component of dx amounts to
finding a domain D in ¥ representing an element ¢ of ma(x,y), computing u(¢), and (when this index
is 1 and n, (D) is zero) counting points in the moduli space M(¢). We will see that, given D, there is
an easy method of computing the Maslov index of the associated disk ¢. When pu(¢) = 1, it still may
be very difficult to count the points in M(¢). Luckily, though, for certain types of domains, there are
theorems saying that #(M(¢)) is always £1, and in our examples we will rarely need to consider types
other than these.

First, we will deal with the Maslov index. Let D = 3" n;0; be a domain in ¥ representing a homotopy
class ¢ € ma(x,y) where z,y € To NTg. Recall from Section 2.2.5 that the regions o; are the components
of ¥\ {an,...,a4,51,...,84}. We will compute the Maslov index of ¢ in terms of the Euler measure of
D and the multiplicities of D at @ and y, which we will now define:

Definition 3.12. For one of the regions o; defined above, the Euler measure of o; is defined to be the

Euler characteristic of o; minus % times the number k of corners of o;; concisely,

e(o;) := x(0s) — ik

For a general domain D = )" n,0;, we define e(D) := > n;e(0;).

For the multiplicities of D at « and y, suppose © = {z1,...,24} and y = {y1,...,y,}. Since the
points x; and y; are on the a and 8 curves which form the boundary of D, we need a convention for the
multiplicity of D at these points. We do it by averaging, as follows:

Definition 3.13. Suppose z is in the intersection of the o and 8 curves, and let D be a domain in ¥ as
above. Let 0;,,...,0;, be the four regions with x as a corner. Define n,(D) = i Zi:l n;,. For a point
x ={x1,...,24} € Tqa NTg, define ng(D) =Y 7_ ny, (D).

With these definitions in place, we have the following characterization of the Maslov index:
Proposition 3.14. Ifx,y € To NTg, ¢ € me(x,y), and D = D(¢) is the domain of ¢, then
(1(¢) = (D) + ne (D) + ny (D).
Proof. See [3]. O

3.3.3 Some domains with with #M(¢) = £1.

Now we will list a few types of domains with Maslov index 1 with the property that for the corresponding
homotopy classes ¢, we always have #M(¢) = £1. A more thorough discussion of these facts can be
found in the Appendix to [13].
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Proposition 3.15. Let ¢,y € To N Tg and suppose ¢ € ma(x,y) is a disk whose domain D is a 2g-gon,
i.e. a topologically trivial embedded disk whose boundary consists of 2g arcs along the o and 3 curves
connecting each x; to a yj. Then u(p) =1 and #M(p) = £1.

Proposition 3.16. Let t = {z1,...,24-1,27} and = = {z1,...,24-1,27} be two elements of
To NTg differing in only one point. Suppose ¢ € ma(x,y) is a disk whose domain D satisfies:

(a) O(D) is supported entirely on ag and Bg.
(b) Topologically, D is a collection of disks joined by at most g — 2 handles.
Then p(¢) =1 and #M(¢) = £1.

3.4 Absolute grading of CFK*>

With these tools in hand, we can begin looking for differentials in CFK{=0}(S3 K). Once we have
found them all, the final required piece is to identify the homological grading of each generator. To see
the relative gradings, it will usually suffice to note that any differential, in any of the complexes under
consideration, decreases homological degree by 1, and U decreases homological degree by 2. Proposi-
tion 2.57 also tells us how the grading of generators in one Spin® structure relates to the grading in the
conjugate Spin® structure. However, we need something to fix the absolute gradings. The solution is to
view CFK1=0} (83 K) as the E° term of a spectral sequence computing HF(S3) Z. The requirement
that this Z have homological grading 0 fixes the homological gradings of CFK1=0}(83 K) once the
relative gradings are known. The following proposition summarizes the situation.

Proposition 3.17. There exists a spectral sequence converging to ﬁ(SB) ~ 7 whose E' term is equal
to HFK(S?, K).

Proof. Recall from Section 2.5.2 that the index j gives 6'?'(53) CFK{=%(83, K) the structure of a
filtered complex. We may thus view the complex as the EC-term of a spectral sequence converging to
HF(SB) Z, as shown below:

CFK{=071 (83 k) —— CFK {57771 (83, k) — CFK 5771 (5%, K)

\\

CFKY="7=% (53 K CFK[=07= (53, K CFKY57=% (83, K)

The subscripts denote absolute homological degrees. Since O/F?(S 3, K) is the graded complex associated
to the j-filtration on CFK1=0}(S3, K), we may write the F' term as
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HFK4(S3,K,1) HFK4 (5%, K,1) HFK,. (53, K,1)

N N

HFK4(S3,K,0) HFK,4 (53, K,0) HFK,4 (53, K,0)

Suppressing mention of the differentials and absolute gradings, we may write this E' term as

P HFK(S* K, j) = HFK(S®, K),
JEZ

and hence we have proved Proposition 3.17. O

3.5 Examples
3.5.1 Destabilization of doubly-pointed Heegaard diagrams

Fix a marked Heegaard diagram (X, a,3,m) for K and let (¥, e, 3, w, z) be the corresponding two-
pointed Heegaard diagram. For computations, the following fact will be helpful.

Remark 3.18. Suppose (X, o, B, w, z) is a two-pointed Heegaard diagram such that one of the curves in
3, say (4, intersects only one a curve, say «g, in one point. Let ¥’ be the surface obtained from ¥ by a
surgery which removes 3,. Let ap = a \ {y} and let By = B\ {B,}, viewed as curves in ¥’. There is
an obvious bijection between To N Tg and T, N Tg, .

Lemma 3.19. For a suitable choice of complex structure on ¥/, the obuvious bijection between T NTg
and Ta, N Tg, gives an isomorphism of chain complezes CF> (X, o, B,w,2) ~ CF* (X', ag, By, w', 2'),
where w' and z' are points in ¥’ corresponding to w and z in X.

For the idea of the proof of Lemma 3.19, see the proof of Theorem 1.1 in Section 10 of [11].

In the examples we will consider, the conditions of the lemma will always hold, with 3, equal to
the meridian of the knot. Thus, to compute differentials in CFK®(S?, K), it will suffice to count
holomorphic disks in the destabilized diagram, an easier task because the genus has been reduced by
one.

3.5.2 The left-handed trefoil.

Now we will carry out the above procedure in a few examples. The first is the left-handed trefoil. We use
the Heegaard diagram derived in Section 2.5.1; see Figure 6. The generators of CF K> (S3, K) correspond
to the points 1, 2, and x3 in the diagram. Our first task is to compute their Alexander gradings. To
obtain the matrix P, we first compute the words w; and their free derivatives, for 1 < ¢ < g — 1. Here,
g = 2, so we need only consider w; .

Word | Expression
w1
1wy

T I

agalagaflag ay
Qo — Qa0 - — 0120110[2041_1042_10[1_1

Replacing all the letters a; by t, we get the following matrix, where * denotes an entry irrelevant for the

determinant: )
t—t"—1 =«
P (707

32



Figure 6: This is the Heegaard diagram for the trefoil before it has been destabilized.

d

Figure 7: CFK>(S3,K). A 1 indicates a copy of Z.

Thus, det P =t —t? — 1. At this point, we examine the terms to see how they should be labelled; we get
det P = ty — 3 — 13. Thus, before symmetrizing, we would have A(x1) = 2, A(z2) = 1, and A(z3) = 0.
After symmetrizing, we get the true Alexander gradings, which are

Generator « | Alexander grading A(x)

I 1
ZTo 0
I3 -1

At this point we have identified the generators of C FK®°(S3, K); Figure 7 depicts them in grid form.
Now we want to identify the differentials in CFK>(S3, K), or equivalently just the differentials in
CFKU=%}(83 K). For this purpose, it will be easier to work with the destabilized diagram shown in
Figure 8.
There is one obvious differential from x; to xo, with coefficient +1. In fact, this is the only differential
in CFK*>(S3 K). The situation is summarized in Figure 9. From this, we can first conclude that

HFK(S3, K,d) = CFE{i=0=4}(§3 K, so we have

Z if —1<d<l;

HFEK(S3 K, d) = ,
0  otherwise.
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Figure 8: This diagram is the result of destabilization.

j=3
j=2
j=1 X‘3 Z
i=0 X\LZ \Z
j=-1 Xl Z
j=-2
j=-3
Absolute degree: 4 3 2 1 0 -1 -2 -3

Figure 9: The E° term of the spectral sequence for the left-handed trefoil. The symbol z; stands for the
group Z-x;, and arrows indicate a differential with coefficient +1. Since there are no filtration-preserving
differentials, this figure also represents the E' term.
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Figure 10: CFK®°(S3, K), showing both generators and differentials.

Furthermore, since the homology of this complex computes OF (S3) = Z, which is localized in absolute
degree 0, we see that the absolute degree of the generator x3 is 0.

Using the symmetries of CFK>(S3, K), we can construct a grid picture of the whole complex; see
Figure 10. From this grid, and the fact that the automorphism U of CFK>(S3, K) decreases absolute
degree by 2 while any differential decreases it by 1, we see that degx; = 2 and degxzs = 1.

The complex depicted in Figure 10 tells us how to compute HF T (K_,,[m]), with absolute degrees,
for any m. We just take the homology of the appropriate portion of the complex and apply Theorem 3.3.
The absolute gradings also come from Theorem 3.3.

3.5.3 The (2,7) torus knot.

Our next example is the (2,7) torus knot; K will now denote this knot. Figure 11 shows a Heegaard
diagram for K derived from its Schubert normal form. The generators correspond to x1,...,x7. The
table below shows w; and its free derivative:

Word | Expression

w1 agalagalagalagaflaglaflaglaflaglafl

-1
8111)1 Qg + Qa1 (vg + Qa1 i1 (v — Qa1 ig(v a1 (X2 (vq
—042041042041(12(11(12041_1042_1(11_1 — agalagalagalagafla;afla;lal_l

— Q1 Q] Qa1 ip Q) Qlg aflaglaflaglafl

Replacing the letters a; by ¢, we get

p_ tHP 4+ -ttt -2 -1 x
- 0 1

and hence det P =t +13 +1° — 5 —t* —¢2 — 1. Labelling the terms with their corresponding intersection
points, this is t + 3 + t5 — t% — t3 — 12 — 17. Thus, after symmetrizing, we have the following table:

Generator | Alexander grading A(x)
I 3

i) 2

I3 1

T4 0

I5 -1

Te -2

Ty -3
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Figure 11: A Heegaard diagram for the (2,7) torus knot.

Now we can write down the generators of CFK>°(S3, K) in grid form; they appear in Figure 12.

Our next task is to find the differentials in CFK{=0}(8% K). We will destabilize the diagram,
producing Figure 13. This time, there are three differentials in CFK#=%(S3 K). They go from
to o, from z3 to x4, and from x5 to xg, each with coefficient +1. Figure 14 illustrates the complex
CFKU=%(83, K) with differentials added.

Again, there are no filtration-preserving differentials, so

HFK(S® K, d) = CFKU=%=1(§3 ) = {Z if-3=d<3;
0  otherwise.

The homology of CFK1=0} (83 K) is Z, generated by x7. Hence x7 has absolute degree 0. Furthermore,
we can use the symmetries of CFK*(S?, K) to identify the differentials in this complex; they are shown
in the grid in Figure 15, which reproduces Figure 5 from earlier. As with the trefoil, this grid, plus the
fact that U decreases absolute degree by 2 while any differential decreases it by 1, pins down the absolute
degree of each x;. We have degz1 = 7, degxe = 6, degzs = 5, and so on; in general, degx; = 8 — 4.
Cutting out the appropriate part of this diagram and taking homology produces HFT(K_,, [m]) by
Theorem 3.3.

3.5.4 The (3,4) torus knot.

Our final example is the (3,4) torus knot; K will now denote this knot. A Heegaard diagram for K is
shown in Figure 16. The diagram arises from a bridge presentation for K, although to save space we
will not show the details. In this example, the genus of the diagram is 3 rather than 2, so we might
expect additional complications to arise. By our previous convention, we should label the intersection
points as 1,1,...,%1,6 and x21,...,%25. However, to get rid of an index, we will define xj, := z; 5, and
Yk := T25. Then an intersection point @ € T N Tg will correspond to a set of two points (xy,y;) where
1<k<6andl1<I[<5.
The following table lists the words w; and their formal derivatives:
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e

Py

Figure 12: The generators of CFK>(S3, K).

Figure 13: The destabilized Heegaard diagram for the (2,7) torus knot.
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j=-1 X3 Z

j=-2 X2 Z

=3 X1 Z

Absolute degree: 6 5 4 3 2 1 0 -1

Figure 14: The E° term of the spectral sequence in the case of the (2,7) torus knot. As before, the
symbol z; stands for the group Z - x;, and arrows indicate a differential with coefficient £1. The figure
also represents the E' term.

Figure 15: Differentials in CFK>(S?, K).
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Figure 16: A Heegaard diagram for the (3,4) torus knot.

Figure 17: The destabilized Heegaard diagram for the (3,4) torus knot.
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Word | Expression
w1y a;laflaglaglalagagal
-1 -1 -1 -1 _-1_-1 -1 -1 _-1_-1
Owr | —a; 1a1 +1a21a1 1a3 1a2 —|—1a2 1a1 10<3 Qg Q12Qg
Dwi | —ay —ay 0 05 0g oy el ag ay o
wo aflaglaglaflagalagag
—1 -1 -1 _-1_-—1 -1 _—-1_-1_-—1
d1wy T T O3y 4y Oy G50y s
Oowy | —a] oz ay + oy g oy o] asa
Thus,
— 72t 3
P=|—tt—t 4¢3 —t 3 472
0 0 1
and

det P = (=t 2+t +t;0)(=t, 2 +,7) — (=t — .+ t.2)(—t, =t +1,7).
Because we modified the index convention, we have taken the liberty of labelling terms with the actual
intersection points rather than with the corresponding indices. Also, to avoid a large mess, we have not

expanded det P. It should be clear how to extract the Alexander gradings for the various elements of
To NTg from this formula; the table below lists them.

Generator | Alexander grading A(x)
(Ila yB) -2
(£C1,y4) -1
(552, yl) -3
(552, yz) -2
(IQ, y5) 0
(z3,91) -2
(z3,92) -1
(553, ys) 1
(554, ys) 0
(24, Y4) 1
(z5,Y3) 1
(z5,Y4) 2
(556, yl) 0
(556, yz) 1
(556, ys) 3

Figure 4 depicts the generators of CFK®°(S3, K); to save space, we do not reproduce this figure here.

As usual, to determine the differentials in CFK1=0}(S3 K), we destabilize the diagram, as in Fig-
ure 17. The situation is more complicated than in the previous two examples, due to the presence of
differentials which preserve filtration. These differentials come from domains with n, = 0; there are
six such differentials visible in the diagram. There are also many differentials with n, = 1, and these
decrease the filtration by 1. Figure 18 summarizes the differentials. All except one are domains of the
type discussed in Section 3.3.3. The one tricky differential connects (z1,y3) to (x3,y1). Its domain
contains a tube and has two 270° corners. While we can easily compute its Maslov index to be 1, it is
less clear how many holomorphic representatives it has. We can deduce, though, that it represents a
differential from the requirement that 9> = 0. Taking the graded complex CFK (83, K) associated to
CFK =0} (83, K) and then taking its homology, we get the E' term of the spectral sequence. This E*
term is ﬁﬁ((S3, K); see Figure 19. As before, we can reconstruct CFK>(S3, K) from this complex
(shown in Figure 20) and use Theorem 3.3 to compute HF*(K_,, [m]) for large p.

3.6 Proofs of Theorem 3.4 and Theorem 3.3.
3.6.1 Proof of Theorem 3.4.

Our first task will be to show that ® actually fits into the diagrams in the statement of Theorem 3.4.
Indeed, ® maps CFK{7<00ori<0} (53 K) into OF~(K_,), since if ¢ € m2(x, O+, y) represents a compo-
nent of ® from [x, i, j] to [y, i — 1y, (¥)], then ny, () —n, (1) =i — j by the definition of ®. Rearranging
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ji=3 (Xg: ¥s)

j=2 (X5 Ya)

\

(X3, Ys) (X1 Ya)

(X6 ¥2) (X5 ¥a)

! /é
(X6 Y1) (X2 ¥s)
i=0 N LS

(X4, Y3

j=-1 (Xg, Yg) = (X3, ¥o)

(><i Y3) ( iy)
1 20 Y2
j=-2 AN /

(Tzv vy

L/

j=-3 (X2 Y1)

Figure 18: Differentials in the complex CFK{=% (83 K). This complex forms the E° term of the
spectral sequence.

i=3 (X6! X5) Z
j=2 (X5’ y4) Z
j=1
Y

izo (X Y1) — (% ¥5) z
j=-1
=2 (X3 ¥y) ‘_ (% o) Z
== (X2 Y1) Z

Absolute degree: 0 -1 -2 -3 -4 -5 -6 -7

Figure 19: The result of cancelling all filtration-preserving differentials. The element listed at j = d is a
generator for HFK (S3, K, d).
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Figure 20: Differentials in CFK(S?, K).

terms, i — n., () = j —n, (1), and since ¢ admits a holomorphic representative we know that n,, (1) and
n.(1) are nonnegative. Hence if i < 0 then ¢ —n, (1) < 0 and we are done. If j < 0, then j —n,(¢) <0
too, and 80 © — n, () = j —n.(¥) < 0. Either way, [x,7 — n., ()] € CF~(K_,). This computation also
shows that ® induces a well-defined map on quotient spaces C F K {20120} (83 [) 2 CFT(K_,).

For the bottom diagram, we need to show that ® maps CFK {min(2:)=0} (83 K} into CF(K_,). These
groups should be interpreted as subgroups of the quotients CFK {20720} and CF+(K_,), respectively.
In other words, if min(z,j) = 0, then we want to have i — 1, (1)) < 0 for any ¢ contributing to ®. But
if ¢ = 0 this follows from the nonnegativity of n, (1), and if j = 0 it follows from the nonnegativity of
n. (1) together with the requirement i — n,,(¢) = j — n.(¥).

We have shown that @ fits into the diagrams without regard for Spin® structures; now we want to
deal with these. Fix m in Z. It will suffice to show that ® maps CFK> (53, K, m) into CF>*(K_,,[m])
for sufficiently large p. We need the following lemma:

Lemma 3.20. Suppose € To N Tg and ¢ € ma(x,Op~,y) for somey € To NT~. Then

{er(s(@)), [F]) 4+ 2(nw(¥) = n:(¥)) = (c1(sw(¥)), [S]) — p-
Proof. See [5], Section 4, p. 80. O

With this lemma in place, let ¢ € mo(x, ©g,y) represent a component of ®([x, 1, j]). To say that
[y, i—nw(¥)] € CE>®(K_,, [m]) is to say that s,,(y) is the restriction of a Spin® structure v on the surgery
cobordism W_,, such that (ci(t),[S]) —p = 2m mod 2p. But s,,(y) is the restriction of v = s,,(1), and

by Lemma 3.20, we have {(c1 (5, (1)), [S]) —p = (c1(s(x)), [F]) + 2(nw(¥) — n2(v)). The definition of ®
requires that n, (¢) — n,(¢¥) =i —j, so

(c1(sw(¥)), [S]) —p = (a1 (s()), [F]) + 2(i — j)

as desired. At this point we have shown that ® fits into the diagrams in the statement of Theorem 3.4.

It remains to show that ® is an isomorphism between all groups in question. Our strategy will be to
decompose ® as g+ lower order terms with respect to the area filtration, where ®q is an isomorphism.
Then we will argue that ® is an isomorphism since ®¢ is.
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Figure 21: The winding region. The top horizontal line is glued to the bottom horizontal line.

Let @ = {x1,...,24} € Tq NTg. Consider a small neighborhood of 8, in ¥, and assume that the
winding of 4 around 3,4 occurs in this region. It will be called the winding region; see Figure 21. Near

T4 are p intersection points {zy 1,..., 7y ,} of ay with 7,, and near z; is a unique closest intersection
point z; of o; with 7; for 1 <i < g—1. In this way, there are p elements of To N T, naturally associated
to x, labelled @}, ..., x;, where x} = {z},... 2} _1, xfm}. For each k, furthermore, there exists a small

triangle v, € ma(x, ©g~, x),). The interesting part of the domain of ), is illustrated in Figure 21. By
the Riemann mapping theorem, all of the 1 satisfy p(vg) = 0 and #M () = £1. Let [x,1,j] be a
generator of CFK*°(S3, K, m). For large enough p, we claim that there exists a unique k such that
represents a component of @, i.e. such that n., (¢¥r) —n.(¢¥x) =i — j. This fact can be seen most easily
from Figure 21. By examining the domain of vy, it is clear that as k runs from 1 to p, n., (¢¥r) — n.(Yr)
takes all possible values in a range of about —p/2 to p/2, exactly once per value. Hence it is equal to
1 — j exactly once (for large p), so there is a unique ¥, appearing in the expression for ®([x, 1, j]). Let
' =, and &’ = x}, for this unique value of k. Now define @ ([z, i, j]) := [&', i — nw, (¥')].

To show @ is injective, it suffices to show that we can uniquely reconstruct [@, i, j] from [@', i —n, (¢)].
But @ is the unique point of T, N Tg closest to &', and once « is identified, there is a unique small triangle
Y € ma(x,O8~,’). Then n,, (1)) is well-defined, and so we can pin down i because we know i — n,(1).
Finally, j is uniquely characterized by the property s(x) + (i — j)PD[u] = tp,.

To show @y is surjective is a little more subtle. We want to show that any [y,i] € CF>(K_,, [m]) is
in the image of ®y, where y € T NT,. Write y = {y1,...,y4}. The argument of the above paragraph
would suffice if we knew y was one of the points x} for some & € To N Tg. This, in turn, would be true
if we knew y, was 7 ; for some intersection point x4 € ay N By.

We claim that any y representing an element of CF>(K_,,[m]) satisfies this condition. Indeed,
ly,i] € CF>*(K_,,[m]) if and only if 5,,(y) extends over W_, to a Spin® structure t satisfying (c1 (v), [S])—
p =2m mod 2p. By Section 2.6.3, this claim amounts to saying that, for any € To N Tg, there exists
P € ma(x,Bpy,y) with (c1(s4(¥)),[S]) —p = 2m mod 2p. But Lemma 3.20 identifies the left-hand
side of this equation as (s(x), [F]) + 2(nw(¥) — n-(¥)). Now note that the quantities (s(a),[F]) and
2m do not depend on p. Thus, we may assume they are very small compared to p. Hence the equation
(s(x), [F]) + 2(nw(1) — n. (1)) = 2m mod 2p says that 2(n, () — n. (1)) is very small modulo 2p (i.e.
is very close to an even multiple of p, and is not close to p mod 2p).

But, assuming y, is not one of the points x4 for some z4 € ag N By, we can estimate n, (1) —n. (1)
as follows. Choose a path ¢ from z to w which does not intersect ;. Then, as in Section 2.2.5, we
may compute n,(¢)) — ny(¢) by counting the number of times § crosses 9(D(%))), counted with signs
and multiplicity. Now, to obtain 9(D(%))), we can start with any 1-chain successively travelling between
points of x, O3, and y along segments of the appropriate «, 3, and « curves, and then correct by
adding entire copies of a, 3, and « curves. In particular, we may start at x4, move to the nearby point
of ©g~, and then travel away from 3, along v,. When we leave v, onto an a curve, we will be far from
the winding region by assumption, and we will never traverse v, again.
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Hence our 1-chain has multiplicity 1 on about half (about p/2) of the “winds” of -, and multiplicity
0 on the other half, so (D(v)) has multiplicity n + 1 on half and multiplicity n on the other half for
some n. For large p, the intersections of 6 with 9(D(v))) are approximately equal to the intersections of
§ with the y4-component of 9(D(v)), since the number of intersections with other components does not
depend on p. The intersections of ¢ with the ~4-component of 9(D(v)) add up to about (2n + 1)(p/2)
for some n. Therefore, 2(n, () —n.(¥)) ~ (2n+ 1)p =p mod 2p. But this was precisely what we said
could not hold if [y, 7] represented an element of CF*(K_,, [m]).

In summary, CFK>(S3, K, m) 2 e (K_p, [m]) is an isomorphism. To show it is an isomorphism
from O FK{7<0 v 3<0}(§3 K m) to CF~(K_,,[m]), we want to show that if ®¢([z, 1, 5]) = [&,i—n,(¢")]
satisfies ¢ — m,(¥)') < 0, then we must have i < 0 or j < 0. But if i — n,(¢)’) <0, then j — n,(¢) <0
as well, and examining the possible domains of v’ in Figure 21, we realize that they all satisfy either
nw(¥') = 0 or n.(¢') = 0. Hence CFK{20920}(83 K m) 2 CF*(K_,,[m]) is an isomorphism too,
and the same argument shows that CFK{min(:)=0}(§3 K m) % CF(K_,,[m]) is an isomorphism.

Now consider the area filtration on CF>*(K_,, [m]). If [z,i, ] is a generator of CFK>(S3, K, m),
then for any triangle 1 contributing to ®([z,7,j]) other than 1’ inspection of Figure 21 shows that
the domain of ¥ cannot be supported entirely in the winding region. Thus, the corresponding element
[y,% — ny(10)] must be strictly lower in filtration degree than [x',i — n,(¢)')], and we have

d = &y + lower order terms.

Furthermore, the area filtration on CF*(K_,, [m]) induces a filtration on CFK>(S?, K, m) via
the isomorphism ®,. Consider @, 1®: this map may be written as id +N where N strictly lowers the
filtration on CFK>°(S%, K, m). The sum 3 7o ,(—1)*N°* would formally be an inverse for ®;'® if it
were well-defined. Unfortunately, the area filtration on CEF*°(K_,, [m]) is not bounded below, so it is
not true that N°¥ = 0 for large enough k. One can fix this issue by redefining C F>° to allow power series
in U rather than just polynomials (while still restricting to polynomials in U~1). Alternatively, one can
cut off CF*° at some very low homological degree and then take a limit. Either way, we conclude that
® has a left inverse. A similar argument shows ® has a right inverse, so it is an isomorphism. One can
check that this argument works for all versions of ®, not just the co version (in fact, the version for CF'*
is more straightforward since the filtrations are honestly lower-bounded).

3.6.2 Proof of Theorem 3.3.

This proof uses the integer surgeries exact triangle, which is discussed in Section 4.3 below. We prove
the statement without homological gradings first; then we derive the graded version.

Suppose |m| > g. The adjunction inequality (Theorem 2.41) tells us that HF (Ko, m) = 0. In fact,
if p > g, then HFT (Ko, m') =0 for all m" = m mod p. The integer surgeries triangle now has the form

HF*(83%)

P

0 HF*(K_,,[m)]).

Hence the map HF*(K_,, [m]) — HFT(S3) on the right leg of the triangle is an isomorphism.

Now suppose |m| < g. Theorem 3.4 gives us HF+(K_,, [m]) ~ H.(CFK{Z%20}(83 K m)). But
there is an obvious isomorphism CFK {20720} (83 [ m) 5 CFK{i2072=m}(§3 K) sending [x,1, j] to
[©,i,5 —m]. Thus HFT(K_,, [m]) ~ H.(CFK{i2052=m}(83 K)).

It remains to fix the absolute gradings. First, suppose |m| > g, and let W denote the surgery
cobordism from K_, to S? discussed in Section 2.6.5. As we will see in Section 4.3.2, the right leg of the
triangle above is ®yy. It is an isomorphism Z[U 1] — Z[U 1], since HF*(S%) = Z[U~!]. Hence it may
be written as ko + kiU ' + koU 2 + ---. The terms with nonzero powers of U all decrease homological
degree, so by the algebraic argument at the end of the proof of Theorem 3.4, the highest-order term kg
must be an isomorphism. Hence kg = £1, and we may use this highest-order term (rather than the full
®yy) as our isomorphism between HF (K _,, [m]) and HF*(S3).

By Proposition 2.64, the highest-order term of ®y, comes from Spin® structures t on W which restrict

to [m] on K_, and which have the least-negative value of (ci(r))?. In the notation of Section 2.6.5,
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we consider the Spin® structures t,, on W, where m’ = m mod p. Proposition 2.69 tells us that

c1(tm)? = —1/p(2m’ + p)?. For large p, this value is maximized when m’ = m. Thus, the highest-order
term shifts degree by —/Z (2m+p P41 _ —(2mzpp  4p, Using this highest-order term as our isomorphism,

we get the degree shift clalmed in Theorem 3.3.

In the case |m| < g, note that the isomorphism from CFK{20:320}(S3 K m) to CF+(K_,,[m])
is given by the map ®. The triangles giving rise to components of ® are a subset of the triangles
giving rise to components of the map CF*(5%) — CFT(K_,,[m]) induced by the surgery cobordism

W_,:S%— K_,. A triangle ¢ shifts absolute degree by c1(su(¥))” 72X(W) Se(W) — Cl(sl“(f)yH. But by

Lemma 3.20, we have (c1(sw(®)), [S]) — p = 2m for any triangle in <I> Hence $,,(1)) = vy, for these 1, so
Proposition 2.69 tells us that (¢ (s, (1/))))2 = —E(Qm + p)2. Therefore, our isomorphism shifts degrees
by —A/p)@mipPhl _ —CGmin)4p g claimed

4 4p ’ :

4 Knots are determined by their complements.

In this section, we will apply a result known as the exact triangle in Heegaard Floer homology, together

with a theorem that HF K determines the genus of a knot, to prove the following theorem of Gordon
and Luecke [2]:

Theorem 4.1. Let K; and Ko be two knots in S3. Let V; = S3\ nb K, for i = 1,2. Suppose that V}
is homeomorphic to Vo via a homeomorphism ¢. Then ¢ may be extended to an equivalence of knots
between K, and Ko, i.e. ¢ may be extended to a homeomorphism of S3.

4.1 Overview.

Here we briefly outline our path to Theorem 4.1 before diving into the technical details. Theorem 4.1
will follow as an easy consequence of the following theorem:

Theorem 4.2. Let K be a knot in S® and let r be a rational number. Suppose the Dehn surgery K, is
homeomorphic to S3. Then K is the unknot.

This theorem, in turn, follows from the following special case:

Theorem 4.3. Let K be a knot in S3. Suppose the 1-surgery K, is homeomorphic to S®. Then K is
the unknot.

The equivalence of Theorem 4.2 and Theorem 4.3 will use the “cyclic surgery theorem” of Culler, Gordon,
Luecke, and Shalen [1]:

Theorem 4.4. Let K be a knot in S® and r = p/q € Q such that w1 (K,) is cyclic. Either K is the
unknot, or ¢ = 1.

We will use this result without proof; see [1]. All of these reductions will be discussed in Section 4.2.
To prove Theorem 4.3, we need an important tool, namely the surgery exact triangle. We state
the exact triangle in Section 4.3; we also state a generalized form, the integer surgeries triangle. In
Section 4.4, we prove the most basic form of the triangle.
Once the exact triangle is established, we proceed to prove Theorem 4.3. We first show, in Section 4.5,
that HF*(Kp,i) = 0 for all 7 # 0. In Section 4.6, we prove that if d is the greatest integer for which

@(53, K,d) # 0, then @(53, K,d) ~ HFt(Ky,d—1), as long as d > 1. Putting these two results
together, we conclude that HFK (S, K,i) = 0 for all i > 2. We then use (without proof) the fact that
knot Floer homology detects the genus of a knot. More precisely:

Theorem 4.5. Let d be the greatest integer for which W(S3,K, d) # 0. Then d = g, the Seifert
genus of K.

From this result and what has been done so far, we can conclude that g < 1. Since the unknot is the
unique knot with genus 0, we will be done if we can show g = 0.

So far, though, we have not excluded the possibility of ¢ = 1. To do so, we revisit the arguments of
Section 4.5 and Section 4.6 with twisted coefficients. We define Heegaard Floer homology with twisted
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coefficients in Section 4.7. We then state the relevant generalization of the surgery exact triangle in
Section 4.7.2. In Section 4.8, we show that HF T (Ko) ®zy+1) Z[tE!, (t —1)7'] = 0. We then use a result
stating that if d = 1 is the greatest integer for which HFK (S3, K,d) # 0, then HFEK (S®, K, 1)@Z[t+!] ~
HF™(Kp,0). Finally, we cite Theorem 4.5 again to conclude that g must be 0, proving Theorem 4.3 and
hence Theorem 4.1.

4.2 Reduction of Theorem 4.1 to Theorem 4.3.
4.2.1 Reduction to Theorem 4.2.

We begin by showing why Theorem 4.2 implies Theorem 4.1.

Proof. (Theorem 4.2 = Theorem 4.1). Suppose we have a homeomorphism ¢ : V3 — V5. Choose
homemorphisms ; : D? x S! ~ nb K;. Then, for both values of i, 1;|g1xs1 is a homeomorphism from
St x St to d(nb K;) = dV;, and we can write S® = (D? x S1) Uil 1 Vi

Now consider ¢ o) |g1xg1. This gives a homeomorphism from D? x S* to d(nb K3) = dV5. Hence ¢
extends to a homeomorphism

S% = (D% x §) Uy, Vi % (D? x SY) Ugoy, Va.

Let u; C OK; be a meridian for K;. The manifold (D? x S*) Ugoy, Va2 is obtained from 53 by removing
nb K5 and gluing in a solid torus along the curve ¢ (7). If this curve happens to be homologous to g,
then (D? x S1) Upoy, Vo =~ (D? x S1) Uy, Vo = S3, and we are done.

Suppose, however, that ¢(u1) is not homologous to p2. Then (D? x S1) Uyoy, Va2 is obtained from
S3 by Dehn surgery on Ko; in other words, (D? x S1) Ugoy, Va = (K2), for some 7 € Q. But we know
from the above equation that this surgery must be homeomorphic to S3. By Theorem 4.2, this situation
cannot happen unless K5 is the unknot.

If K5 does happen to be the unknot, then repeat the above argument with the roles of Ky and Ko
reversed. Either we get the desired extension of ¢ this time around, or K; is also the unknot. In both
cases, we are done. O

4.2.2 Reduction to Theorem 4.3.

Consider a knot K in S® such that K, ~ S3 for some rational number r = %. Let U denote the unknot.
We begin by dealing with the case r < 0:

Lemma 4.6. If Theorem 4.2 holds for all v > 0, then it holds for all rational r.

Proof. Suppose r < 0. We have $% ~ K, = —(K_,). Thus, reversing orientations, K , ~ —5% But
83 ~ 83, s0 K_, ~ 83 Now —r > 0, so by hypothesis we have K ~ U. Thus, K ~ U = U as
desired. |

Therefore, we can assume that r = % with p and ¢ both nonnegative. We next reduce to the case
p=1:
Lemma 4.7. If K, ~ S3, where r = %, then p=1.

Proof. A simple argument with the Mayer-Vietoris sequence shows that Hy(K,) = Z/p. Since H;(S?) =
0, we must have p = 1. [l

Finally, we make use of the cyclic surgery theorem, Theorem 4.4, to conclude that ¢ = 1 too: we have
K/, = 5%, and 71(S?) is trivial (and hence cyclic) so the conditions of the theorem apply.

4.3 Statement of the surgery exact triangle.

We now state the surgery exact triangle and the integer surgeries triangle.
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4.3.1 The surgery exact triangle.

Let K be an oriented knot in S3 as usual. There is an exact sequence relating the Heegaard Floer
homology of S3, Ky, and K;. Note that the zero-surgery Ky has positive first Betti number, so its
Heegaard Floer homology is not even relatively Z-graded, and K is not absolutely Z-graded. Thus, as
in Theorem 2.35, we cannot hope for a traditional homology long exact sequence with boundary maps
which lower degree by one. Rather, we will have to settle for an exact triangle in which only three groups
appear.

Theorem 4.8. There is an exact triangle

HF(S3)

TN

— —

HF(K,) HF(Ky).

The same holds with HF replaced by HEF™T.

In ordinary homology, the maps in the long exact sequence (except for the connecting maps) are
induced by continuous maps between the corresponding spaces. Since Heegaard Floer homology is
functorial over cobordisms rather than over continuous maps, one might expect the maps in Theorem 4.8
to be induced by cobordisms. This is indeed the case; in fact, all three maps are induced by cobordisms.

4.3.2 Maps in the triangle.

The surgery cobordism from S3 to K induces maps HF(S%) — HF(K,) and HF*(S3) — HF*(IK,),
and these are the maps appearing in the triangles above. Furthermore, as we discuss presently, the same
applies to each “leg” of the triangle. We can view K as surgery on a knot in Ky and S® as surgery on
a knot in K7, and we get associated surgery cobordisms Kg — K; and K; — S3. The induced maps on
Heegaard Floer homology coincide with those in the exact triangles.

To obtain K as a surgery on a knot in Ko, let K’ be the knot in Ko = (5% \ nb K) Ug(np, k) (D* x S*)
given by {0} x S!. We can take nb K’ to be D? x St so Ky\nb K’ = $3\nb K. Now, K; is obtained by
taking S3\ nb K and gluing in D? x S! according to the framing given by the curve A+ u, where X is the
Seifert longitude for K and pu is the meridian for K. But A + p is a curve in d(nb K’) which intersects
the meridian A for K’ once. Thus, A+ p is a longitude for K’, and K is precisely the manifold obtained
from (A + p)-framed surgery on K.

Similarly, we can obtain S* as a surgery on the knot K” = {0} x S* in K; = (5% \ nb K) U(up i)
(D? x SY). Again, D? x S! is a tubular neighborhood of K”, and removing this neighborhood gives
S$3\ nb K. Attaching D? x S! with framing p gives S3; but u is a longitude for K", so S? is obtained
from p-framed surgery on K”. This construction was already discussed in Section 2.6.5.

Just as we can encode the data of a surgery in a Heegaard triple, we may encode the data of these
three surgeries in a Heegaard quadruple (X, ¢, 3,4,0). We start with a Heegaard diagram (%, o, 3)
describing K. As above, we let 7, = X and we take 7; to be a small isotopic translate of 5; for 1 <4 < g.
Also, we take 0, = A+ p, and we let §; be a small isotopic translate of 8; for 1 < i < g. Then Yog = 53,
Yoy = Ko, and Yo5 = Ki. We will also require a few admissibility properties for this quadruple; see
Proposition 4.10. - -

The map in the triangle of most interest to us is the one from HF(K;) to HF(S3). In the proof
of Theorem 4.8 presented below, we will actually get this map as the connecting map in the long exact
sequence associated to a short exact sequence of complexes, not explicitly as a cobordism-induced map.
However, there are proofs of the exact triangle in which all three maps come explicitly from the natural
surgery cobordisms; see [10].

4.3.3 The integer surgeries triangle.

There is a variant of the exact triangle which involves n-surgery rather than 1-surgery, which we state
here.
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Theorem 4.9. Let [m] € Z/n. There is an exact triangle

HF(S%)
@  HF(Kom) HF(K,,[m)).

m’=m modn
The same holds with HF replaced by HEF™T.

The discussion of surgery cobordisms in Section 4.3.2 applies equally well here; the maps in the
triangles are all induced by surgery cobordisms.

4.4 Proof of the surgery exact triangle.

Here we present a proof of Theorem 4.8, following Section 9 of [6]. We prove the triangle for HF. The

result for HF ™ takes a bit more work; we focus on HF both for simplicity and because the proof for
HFY is presented very well in [6].

4.4.1 The Heegaard quadruple.

We begin by asserting the existence of a Heegaard diagram encoding the data of Y, Ky, and K; and
satisfying some additional conditions which will be important:

Proposition 4.10. There exists a pointed Heegaard quadruple (3, o, 3,7, 6, 2) and a volume form on
Y such that:

(a) Yo = 53, Yoy = Ko, and Yas = Ki;

(b) Fori=1,...,9—1, the B;, vi, and 6; are small isotopic translates of one another, and
they intersect pairwise in two points with opposite sign;

(¢) Every periodic domain has both positive and negative multiplicities, and has zero area with
respect to the volume form; and

(d) ~4 is isotopic to the concatenation of B, and dg.

The proof involves a bit of Morse theory; see [6].

We will consider a one-parameter family of isotopies of these curves, as follows: for 1 <i < g—1, and
for t > 0, choose curves ~; () such that ;(0) = v; and ;(t) — 5; ast — co. Choose 6;(t) similarly, always
preserving the intersection properties of Proposition 4.10. Finally, choose v,4(t) such that v,4(0) = 74 and
vg(t) — By % 04 as t — oo, where * denotes the concatenation of paths. We can arrange that at each
stage, all periodic domains still have zero area as well as both positive and negative multiplicities. We
may also assume that the basepoint z is not in the support of any of these isotopies; thus, at each time
t, the quadruple (X, o, 3,~(t), d(t), 2) still satisfies the conditions of Proposition 4.10.

For large enough t, the curve ~y,(t) is very close to the concatenation of 3, and dy, and ~;(t) is very
close to 3; for 1 < i < g—1. If £ € ToNTg, let 2; € = be the point of intersection between fj;
and some «;. Since 7;(¢) approaches very close to §;, there is a unique closest intersection point
between a; and 7;(t). These points form the element @’ € Ty N T, ). We have produced a mapping
t:TaNTg — To NT,;) and hence a homomorphism I : E’F(S3) — 6’?‘([(0). The same argument
produces a map p : To NTs) — To N Ty and thus a homomorphism R : ﬁ(Kl) — ﬁ(KO); note
that for 1 <i < g — 1, the curve §;(t) approaches 3;, and hence it also approaches v;(t).

If y € To N Ty ), let y, be the intersection point in y between 7, (t) and some ;. If ¢ is large enough,
Yq is very close to either an intersection between o; and S, or an intersection between «; and é,. Hence
To NT, ) splits up into the image of © and the image of p. As an Abelian group, there is a corresponding

splitting of C/’}\?(KO) as C/'}\?(S?’) ® C/'}\?(Kl), where the inclusions of these two groups into C/’}\?(KO) are
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given by I and R. Let L and P be the corresponding projections of ﬁ(Ko) onto 6’1\7(5’3) and 6’1\7(1(1)
respectively. We have a split short exact sequence of groups (although not of chain complexes):

0— CF(S* 4 CF(K,) 5 CF(K,) — 0.

To prove Theorem 4.8, we will obtain an honest short exact sequence of chain complexes. The sequence
above will be the highest-order part with respect to area filtrations we will define on each complex.

For use in Section 4.4.3, we will make further requirements which can be satisfied by choosing ¢ large
enough. For each i between 1 and g — 1, there is a doubly periodic domain P; formed between 3; and
vi(t). There is another doubly periodic domain @Q; formed between f3; and 6;(t). Finally, there is a
triply periodic domain P formed between 4, v4(t), and d,. The unsigned area of each of these domains
approaches 0 as t increases. Define

e(t) = ZA(IBI) + A(Qil),

where the absolute value signs denote the unsigned area. Then €(t) — 0 as t — co. We may also assume
that, for each ¢, we have A(|Q;]) = A(|F;|), so that bounding e also bounds the size of the periodic
domains @;. Let M be the minimum area of any component of ¥\ {aq U---Ua, U U---U By Udg}.
Now choose t large enough that €(t) is very small compared to M. Choosing €(t) < M /4 should suffice.

4.4.2 Proof of the exact triangle given appropriate filtrations.

Recall that we had maps 5?‘(83) LN E’F(KO) and ﬁ(KO) ELY E’F(Kl) defined by counting holomorphic
triangles in the Heegaard triples (3, ¢, 8,(t), z) and (X, o, ~(t),d(¢),z). These maps were the chain
maps induced by the surgery cobordisms S® — Ky and Kq — K;. We want the maps in our triangle to
be the maps F; and F3 induced by f; and fo on homology. For convenience, we recall concretely how f;
and f, work: for & € To NTg and &' € Ty N T4y, we have

fi(w) = > HM(W) -y

{YETaNT (1), Y ET2(2,08~(2) ,y) |1 (¥)=0,n(1p)=0}

and
o) = 3 M) -y
{y' €TaNTs(r),pEm2 (2,05 1)5(t)) Y’ |1 (¥)=0,n, (v)=0}
As is often the case when constructing a long exact homology sequence, we will obtain our exact
triangle from a short exact sequence of chain complexes. Since f; and fy are chain maps, the first

possibility one might consider would be 0 — 6’?‘(53) LN ﬁ(KO) 5 6’?‘([(1) — 0. However, this
sequence is not exact. Using filtrations and the maps from Section 4.4.1, we will modify f; by a chain
homotopy to obtain exactness. More precisely, we have the following theorem:

Theorem 4.11. There exists a chain map ¢ : ﬁ(SB) — ﬁ'(KO), chain homotopic to f1, such that
0— CF(8%) % CF(Ko) 22 CF(K) — 0

is a short exact sequence of chain complezes.

This result implies Theorem 4.8. Furthermore, the maps ﬁ'(Sg) — ﬁ'(KO) and ﬁ'(KO) —
HF (K1) are Fy and F» (since g7 also induces F; on homology), which are the cobordism-induced maps.
As mentioned earlier, this proof gets the map OF (K;p) — OF (S3) as a connecting homomorphism, but
one can show using other methods that this map is also induced by the natural surgery cobordism. We
will devote the rest of our efforts in Section 4.4.2 and Section 4.4.3 to proving Theorem 4.11.

For the rest of Section 4.4.2, we will assume the following lemma asserting the existence of appropriate
filtrations on the complexes in question:

Lemma 4.12. There exist filtrations on 6’1\7(5’3), 6’1\7(1(0), and 6’1\7(1(1) satisfying the following prop-
erties:
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(a) The filtrations are bounded below.
(b) The boundary maps in the complexes are strictly filtration-decreasing.
(¢) The maps I and R are filtration-preserving.

(d) We have fi1 = I+ lower order terms; in other words, forx € To NTg, fi(x)—I(x) < I(x)
in the filtration on CF(Kj).

(e) We have fa|im r = P+ lower order terms; in other words, fory € To N T, fo(Ry)—y <
y in the filtration on ﬁ(Kl)

(f) The composition fs o f1 is chain homotopic to zero via a chain homotopy H : 6’1\7(5’3) —
CF(K1) which is filtration-decreasing, meaning that for x € To NTg, RHx < Ix in the
filtration on CF(Ky).

The lemma will be proved in Section 4.4.3, with the exception of the existence of H. To prove that
part would require a discussion of coherent orientation systems for moduli spaces, and we have avoided
mention of these.

Given Lemma 4.12, we can prove Theorem 4.11. We begin by defining a right inverse for fs. By
Lemma 4.12, we can write fo o R =id +N, where N is strictly filtration-decreasing. Let

R :=Ro) (~1)FN°.
k=0

Because the filtration on ﬁ(K 1) is bounded below, sufficiently high powers of N are zero, so the sum is
finite and hence well-defined. We have fo 0 R’ = (id+N)o > 7 ((—1)*N°* = id, so R’ is a right inverse
for fo. This already shows fy is surjective. R’ is a sum of powers of a filtration-decreasing map, so it is
filtration non-increasing.

We can also use R’ to define g1: let

g1 = fl - (8R’H + R/Ha)

Then g; is chain homotopic to f; via the chain homotopy R’'H. Furthermore, since 9 and H decrease
filtration and R’ does not increase it, while f; = I+ lower order terms by Lemma 4.12, we have g; = I+
lower order terms. Say g1 = I + E, where FE satisfies £ < I. Postcomposing with L, we get Lo g; =
id+(L o E). Because I preserves filtration, E decreases it, and we know L does not increase it. Hence

we may write g1 = id +/N' where N’ strictly decreases the filtration on 6’?‘(53). Now define

I = Z(_l)k(N/)ok oL.
k=0
Again, the sum defining L’ is finite, and L' 0 g1 = (350 o(—1)*(N')°*)(id +N’) = id. Hence L' is a left
inverse for g1, so g1 is injective.
To check exactness in the middle term, first note that by Lemma 4.12,

faogi = fa0 fi — fo(OR'H + R'HO)
= fao fi = (0(foR')H + (f2R')HO)
— fyo fi — (OH + HO)
=0.

So we know im g1 C ker fo; in other words, we know our sequence is a chain complex. We want to show
its homology is zero. It is a filtered chain complex because we have filtrations on all groups in question
and the “differentials” g7 and fo are filtration non-increasing. Hence we can compute the homology of
the complex via a spectral sequence. The F; term is obtained by replacing the maps in the complex
by their filtration-preserving parts and taking homology. This procedure amounts to replacing g; by I
and fo by P, obtaining the sequence of Section 4.4.1, and taking homology. But this sequence is exact.
Hence the E; term of the sequence is already 0, so the homology of the complex we started with must
also be 0. Thus im ¢g; = ker f3, and we are done.
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4.4.3 Construction of filtrations with the right properties.

In this section, we prove Lemma 4.12. We are given a Heegaard quadruple (X, o, 3,7(t), d(t), z), with
Yag = S3, Yor(t) = Ko, and Yus(1) = K1. Thus we have area filtrations Fg5°, FE¢, and Fi* on
6’1\7(5’3), ﬁ(Ko), and 6’1\7(1(1) defined by areas of disks, triangles, and squares as in Section 2.6.6.
These, unfortunately, do not quite give us the filtrations we want on CF(S3), CF(Kj), and CF(K1),

since the maps I and R do not preserve them. However, they are almost the correct filtrations. We will
start with the area filtration Fr, = Fg°* on C’F(KO) from triangles and use I and R to transport

it to CF(S3) and CF(Kl). We will then show that the resulting filtrations Fgs and Fx, on CF(S3)
and ﬁ(Kl) differ from Fg5°* and F§°* by no more than €(¢). This will imply that Fgs and Fg, are
actually filtrations, i.e. that the dlfferentlal decreases them.

We now fill in the details. For a generator x of C’F(S3) define Fgs(x) = Fk,(I(x)). For a
generator y of ﬁ(Kl), define F, (y) := Fk,(R(y)). Then, by decree, I and R preserve filtration. All
three filtrations are bounded below because they are defined on finitely-generated chain complexes. The

following proposition shows that the differential is strictly filtration-decreasing:
Proposition 4.13. The differential strictly decreases all three filtrations Fgs, Fi,, and Fi, .

Proof. For Fr,, the result follows from Section 2.6.6.

For Fgs, suppose that & € T NTg. To compute Fg;°*(x), we can choose a disk ¢ € mo(xo, x);
then Fgi°*(x) = —A(D(¢)). But x is very close to ¢(x) € To NTy (), and so there is a small triangle
Yo € m2(20, Ogy (1), L(x)). Since the support of D(¢)) is contained inside the total support of the periodic
domains, we have |A(D(v))| < €(t). Now the concatenation ¢ * ¢ is a triangle in 72 (0, © g (1), t(x)),
so it may be used to compute Fg,(¢(x)) =: Fgs(x). We thus have Fgs(x) = —A(D(¢ % 1)) =

—A(D(9)) — A(D(th)) = Fgs°* () — A(D(th)). Hence
| Fos (@) — Fh™ ()] < |A(D(vo))] < e(t).

This inequality holds for all x € T, N Tg.

Now suppose & and &’ are two elements of To NTg, and suppose ¢ € ma(x, ') represents a differ-
ential. Then the difference in Fg;°* between x and z’ is at least A(D(¢)). But D(¢) is a positive sum
of components of ¥\ {a; U- U agU B U---UpBgt, and each one of these components has area at least
M. Hence the difference in Fg;e* between x and z’ is at least M. But F¢i°*(x) and Fg;°*(z') differ
from Fgs(x) and Fgs(x') by at most €(t), and so Fgs(x) — Fgs(a’) is at least M — 2¢(t). Since €(t) is
very small compared to M, we see that the differential decreases Fgs.

Next we consider Fk,. Suppose y € To NTs4). Then p(y) € Ta NTy 4, and we can choose
a triangle ¥ € ma(x0, Opy(1), pP(y)). We have Fr, (y) = Fr,(p(y)) = —A(D(v)). There is also a
small triangle 1o in m2(p(y), O 1)s(t),y). The support of D(zg) is contained in the support of the
periodic domains, so |A(D(%0))| < €(t). But we can concatenate the triangles ¢ and o to obtain
a “pinched” square ¥ * 1o € ma(x0, Ogy(1); Oy (t)s(t),Y). Such squares compute Fie, so we have

I, (y) = —A(D(¢ * o)) = —A(D(¥)) — A(D(¥0)) = Fk, (y) — A(D(th)). Hence
[ () = F ()] < JAD(o))] < €(t).

This inequality holds for all y € To N Ts(y).
Suppose y and y’ are in To NTs) and ¢ € ma(y,y’) represents a differential. The difference in
Firet between y and y’ is at least A(D(¢)). But D(¢) is a positive sum of components of ¥\ {a; U
~UagU(t)U---Udy_1(t) Ud,}. Furthermore, since each §;(¢) is very close to 3; for 1 <i < g—1,
we may make a small (i.e. supported in the periodic domains and hence of size < €(t)) adjustment to
D(¢) to obtain a positive sum of components of E\ {a; U---UagU B U---UpBg_1UJd,z}. This modified
domain has area at least M, so we can conclude that A(D(¢)) > M —¢(t). Hence the difference in Fg/
between y and y’ is at least M — €(t). But, again, Fg/°* differs from Fx, by at most €(t), so we can
conclude that Fg, (y) — Fk, (y') is at least M — 3e(t). Since €(t) is small compared to M, we see that

the differential decreases F;.

O

Next we want decompositions f; = I+ lower order and fs|im r = P+ lower order.
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Proposition 4.14. Forx € To N Tg, we have f1(x) = I(x)+ lower order terms, and fory € To N Tsy,
we have fa(R(y)) = y+ lower order terms.

Proof. Consider the small triangle ¢ € T2(x, ©gy (1), t(x)). Using a characterization of Maslov indices
of triangles similar to that found in Section 3.3.2 for disks, one can show that u(¢9) = 0. The usual
argument with the Riemann mapping theorem then shows that #M (i) = 1, and if we were careful
with orientation systems, we could deduce #M (1) = 1. Hence one component of fi(x) is ¢(z) = I(x).

We would like to show that any other y € To NT, ;) appearing in the expression for fi(x) must be
of lower order than «(x). Suppose that, for some y # (), there exists ¢ € mo(x, © (1), y) representing
a component of fi(x). A quick glance at the periodic domains shows that only D(t¢g) can be entirely
supported in them; thus, D(¢)) cannot be supported inside the periodic domains. We know D(1)) is a
positive sum of components of X\ {aq U---Uay UB1 U---U By U (t) U---U~g(t)}. However, since
~i(t) is very close to 8; for 1 <i < g — 1, we may assume (after a modification of size < €(t)) that D(¢)
is a positive sum of components of X\ {a1 U---UagU B U---U By U~y(t)}. Since v4(t) is very close to
the concatenation of 8, and ¢4, and since D(v) is not supported entirely in the narrow region between
v4(t), By, and d4, we may further assume (with another small error term < e(t)) that D(v) is a positive
sum of components of Z\ {a1 U---UayUpB U---UB,;Ud,}. Hence, up to a correction of 2¢(t), we have
A(D(v)) > M, or in other words A(D())) > M — 2¢(t).

Choose ¢ € ma (@, ) with n.(¢) = 0; then the concatenation ¢ * ¢ computes Fg,(y), so we have

Fro(y) = —A(D(9)) — A(D(¥))
< —A(D($)) — M + 2¢(t).

But we also have —A(D(¢)) = Fg;°*(z), and we saw in the proof of Proposition 4.13 that Fg;°*(x)
is nearly equal to Fgs(x) = Fi,(¢(x)). In particular, g5 (x) < Fr,(t(x)) + €(t), and so Fg,(y) <
Fk,(t(x)) — M + 3€(t). Rearranging terms,

]:Ko (y) - ]:Ko (L(w)) <-M+ 3€(t) <0,

and we have verified that f; = I+ lower order terms.

Now we deal with fo. If y € To NTs, consider fo(R(y)). As above, there is a small trian-
gle in ma(p(y), O4)5(+),Y) giving rise to a component of fo(R(y)) on y with coefficient +1. Sup-
pose w € Tqo N Ty is any other point appearing in the expression for f2(R(y)), via some triangle
Y € ma(p(Y), Oy)s(t), w). We want to show that w is lower in the filtration that gy, or equivalently

(since R preserves filtration) that p(w) is lower than p(y) in the filtration on E'F(KO).

First, consider D(v). By arguments analogous to those above, we may conclude that A(D(¢)) > M —
2¢(t). Now, to compute the filtration gradings of p(y) and p(w), pick triangles ¢y, in w2 (20, O gy (1), P(¥))
and ww in 772(3303 eﬁﬂy(t)ap(w)) satisfying nz(d)y) = nz(¢w) = 0. Then ‘FKO (p(y)) = _A(D(U)y)) and
Fio(p(w)) = —A(D(1))). The concatenation ¢y, %) is a square in ma (2o, © gy (), O(1)s(1), w). But if ¢
denotes the small triangle in ma(p(w), O41)5(t)» w), then the concatenation iy, * 1) is another square in
T2 (20, Oy (1), O(t)s(t), w). Since all periodic domains have zero area, both 1y, 1) and )., ¥t must have
the same area. We can conclude that A(D(1y)) + A(D(¥)) = A(D(¢w)) + A(D(¥0)), or (rearranging
and relabelling) that Fr,(p(w)) — Fr,(p(y)) = A(D(¢0)) — A(D(¥)). But A(D(¢g)) < €e(t), while
A(D(¢)) > M — 2¢(t). Thus,

Fro(p(w)) — Fieo(p(y)) < =M + 3e(t) <0,
and we have shown that fs|im, g = P+ lower order terms as desired. O

We are left with the final assertion of Lemma 4.12. As mentioned above, we will simply cite the proof
of Theorem 8.16 of [7] for the existence of H. In fact, H is defined by counting holomorphic squares: if
x € To NTg, then we have

H(x) := > #M() - y.
{YETaNTs(t) , P ET2(2,O 8~ (1) O~ (1)5 (1) ¥) [ 11(0)=—1,m2(¢)=0}

To apply the construction of [7], one first shows that for suitable orientation systems, fs o f1 induces
the zero map on homology. For details, see Section 9 of [6]. We will simply show that, given this H, it
decreases filtrations in the sense that Ro H < [.
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Proposition 4.15. For € To NTg, we have R(H(x)) < I(x).

Proof. Suppose H(x) has nonzero coefficient on some y € To N Ts¢) coming from some square ¢ €
T2 (2, O g (1), On(t)s(), Y)- We want to show that p(y) < 1(y) in Fi,. Pick ¢ € ma(x, Og 1), p(y)) with
n:(¢) = 0. There is also a small triangle 1o € T2(p(y), O1)5(+),y)- The concatenation vy is a square
in m2(x, ©g~ (1), O 1)s(t), ¥), and n. (¥ * 1hg) = 0. Thus ¢ and 9 x 1) differ by a periodic domain. Since
periodic domains have zero area, we see that A(D(¢)) = A(D (%)) + A(D(3o)).

Pick ¢ € ma(xo, x) with n.(¢) = 0. Then ¢ ¢ is an element of 73 (x0, Og (1), p(y)) With n. = 0, so
we have —A(D(¢)) — A(D(¢¥)) = Fk,(p(y)). Furthermore, by the proof of Proposition 4.13, we know
that —A(D(¢)) = F&5°(x) is no more than €(t) away from Fg, (c(x)). Hence, up to an error term of
e(t), we have Fi, (1(x)) — Fk,(p(y)) = A(D(¢)). More precisely, we have

Fieo () = Fio (p(y)) = A(D()) — €(t)
= A(D(¢)) — A(D(¢0)) — €(t)
> A(D(p)) — 2¢(t).

~—

But inspection shows that ¢ cannot be supported entirely inside the periodic domains. The arguments
of Proposition 4.14, applied to the square ¢ rather than to triangles, thus imply that A(D(y)) must be
at least M — 2¢(t), so in the end we have

Fro (L)) — Fro(p(y)) = M — 4e(t) > 0.

This inequality proves the proposition and hence Lemma 4.12, Theorem 4.11, and Theorem 4.8. [l

4.5 The vanishing of HF*(K,,i) when i # 0.

Since K; ~ S3, we have ﬁ(Kl) ~ 7. Thus, the surgery exact triangle is

While one could show that ¢ = 0, for our purposes this fact is unnecessary. The map ¢ is either zero or
it is multiplication by some nonzero integer m. We consider both cases.

Suppose ¢ = 0. Then HF(KO) ~ Z2. However, HF(KO) can be written as @ZGZHF(KO, i). Since
b1(Ko) = 1, we must have X(HF(KO, i)) = 0 for all ¢ by Proposition 2.39. Hence both copies of Z in
ﬁ'(KO) must live in the same Spin® structure.

Assume ﬁ'(Ko,i) = 7?2 and ﬁ'(Ko,j) = 0 for all j # i. Proposition 2.38 tells us that ﬁ'(Ko, —1)
is Z? as well, so we must have i = —i. In other words ¢ = 0, and we have proved ﬁ'(KO, i)=0fori#0
assuming ¢ = 0. By Proposition 2.40, HF*(Ky,4) = 0 for i # 0.

On the other hand, suppose ¢ is multiplication by m # 0. Then ¢ is injective, so we have a short

exact sequence .
027227 — HF(Ky) — 0.

Therefore, ﬁ'(KO) ~ Z/m, a cyclic group. Again, we can conclude that ﬁ'(KO) is supported in only
one Spin® structure and (by conjugation symmetry) that this Spin® structure must be ¢ = 0. Hence
HF(Ko,i) =0 for i # 0. By Proposition 2.40, HF* (K, i) = 0 for i # 0.

4.6 }Tﬁ((S?’,K) and HF*(Ky) in the highest nonzero Spin® structure.

In this section, we will prove the following statement:

Proposition 4.16. Let d be the largest integer such that ﬁ((53,K, d) # 0, and suppose d > 1. (In
fact, by Theorem 4.5, d = g, the Seifert genus of K). Then HFK(S® K,d) ~ HF*(Ky,d — 1).
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Proof. Consider the following short exact sequence of subcomplexes of CFK> (53, K):

0 — CFKU<0y2d=1} (63 ) o opKliz0erizd=1} (63 k) o CFK1=0(S3 K) — 0.

As usual, there is an associated long exact sequence in homology, in the form of a triangle since there
is no natural absolute Z-grading. To make use of it, we want to identify the homology of these three
complexes. We first claim that H,(CFK{?<02d-1}(§3 K)) = @(53, K,d). Indeed, the filtrations
on the complex allow us to compute its homology by cancelling differentials step-by-step. The first step
is to consider only differentials which keep both ¢ and j fixed. With these differentials, the complex
splits up as EB{KOJZd,l}C{F?((SB, K,i+ j). Hence the result of cancelling these filtration-preserving
differentials is @{i<07j2d_1}17ﬁ((5”3, K,i+ j). But, by assumption, ﬁ((S3, K,m) =0 for m > d, so
this sum is just @(83, K, d) as claimed.

Next, we make use of Theorem 3.5 to identify the homology of CF K {20 or i2d=1}(§3 k) or equiv-
alently CFK{:200r520}(83 K d — 1), as HF (K, [d — 1]) for a sufficiently large choice of n. Finally,
to compute H,(CFK120} (83 K)), we simply note that, ignoring the j-filtration, CFK{?20}(S3 K) =
CF*(S%). Hence, its homology is HFT(S?).

We can compare the exact triangle just derived with the integer surgeries triangle:

HF*(5%)

HFK(S? K, d) ns [d = 1])
HFT(8?%)

HF"(Ko,d ns [d —1])

The map @y is induced from the cobordism W from Kj to S3. In the integer surgeries triangle, we
would usually have > _, | = HF%(Ky,m) in the left-hand corner. However, n is large compared
to d, so any other integers m = d — 1 mod n are much greater than d — 1 in absolute value. Since d is
the Seifert genus of K, the adjunction inequality (Theorem 2.41) tells us that HF*(Ky, m) = 0 for all
such m. Thus, only one term appears in the exact triangle.

While these triangles suggest a relationship between ﬁﬁ((53, K,d) and HF™(Kg,d — 1), we need
more information about the maps in the triangles to derive equality. Specifically, we will look at the maps
®y and ©. We first note that © is surjective. Indeed, for a sufficiently large choice of absolute degree N,
the projection of CFKéz;Oﬁ,r jzd-1} (83, K) onto CFKéégZZO%V (83, K) is an isomorphism, where these two
complexes are generated by elements of CFK 11200 72d=1}(§3 ) and CFK{?20}(S3, K), respectively,
with absolute grading > N. This statement holds because the complex CFK*=°(S3 K) has finitely

many generators (corresponding to elements of To N Tg), and the absolute degrees of these generators

are thus bounded above, say by M. For N > M, then, any generator of CFKéz;O;\),r j2d= 1}(5’3 K) which

has degree > N must actually have ¢ > 0. Therefore, since © is the map on homology induced by a
chain map which is an isomorphism in sufficiently large degrees, © is also an isomorphism in sufficiently
large degrees. Writing HF*(S®) as Z[U '], we see that U~ is in the image of © for all sufficiently large
k. But since © is U-equivariant, this fact actually implies that U~F is in the image of © for all k > 0.
Hence © is surjective.

The surjectivity of @y is a bit less elementary. We know from Section 4.3.2 that ®y breaks apart
as a sum over Spin® structures on W. First we will show that © is the component of @y, associated to
one particular Spin® structure on W. Next, we will establish that the components of @y corresponding
to all the other Spin® structures are of lower order with respect to the absolute grading. An algebraic
argument will then show that @y is surjective, and a further algebraic manipulation will conclude the
proof.

To identify © as coming from a Spin® structure on W, consider the following diagram detailing the
identifications made above:
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CFK1Z00r j2d=1}(g3 [ _proj CFK>0}($3, K)

CFEiz00r 32063 K d —1) CF*(S%)

v~
<I>W,t

CF* (K, [d—1])

Here ¥ is the map from Theorem 3.5, and @, is the map induced by some Spin® structure t on W.
Taking the top path around the diagram induces © on homology. We claim that the diagram commutes
when v is chosen so that {(c¢i(v),[S]) = 2(d — 1) + n, where [S] generates Hz(W). In the notation of
Section 2.6.5, t = tg_1.

The claim follows from an analogue of Lemma 3.20. More precisely, suppose t = §,,(¢) for some
triangle ¢ € ma(x, Oy, y), where (X, o, 3) is a Heegaard diagram for K,, and (X, a,7y) is a Heegaard
diagram for S® as in the definition of U. Here, x € To N Tg and y € To N T. Then

{e1(0), [S]) —n = (er(s(y)), [F]) +2(nw (v) — 1z (4)).

The definition of ¥ counts only triangles ¢ with (1/2)(c1(s(y)), [F]) + 1w (1)) — n. (1)) = d—1, and we see
that these are precisely the triangles belonging to the Spin® structure v with {(c1(¢), [S]) = 2(d — 1) + n.
In other words, they are exactly the triangles making up ®w,., as claimed.

Now, the components of ®y other than © will all be induced by Spin® structures v on W with
{e1(¥'),[S]) = 2m + n for some m = d — 1 mod p. For sufficiently large n, all such m will be very large

in absolute value. But if {¢; ('), [S]) = 2m + n, then the map induced by v shifts the absolute grading

by 2t 041 7(2m+n) [ntl (zmj{:) by Proposition 2.69, and so when n is large the decrease is

mlmnn;ed (with respect to the constraint m =d — 1 mod n) when m =d — 1.

Write &y, = © + L, where L contains the contributions from all the other Spin® structures. Since ©
is surjective, we can choose a right inverse R for © (since HFT(S3) is a free Abelian group). Define an
automorphism K of CF*(K,, [d — 1]) by the formula

K= Z F(Ro L)°

k>0

Since R increases the absolute grading by W, while L decreases it by at least W for
m >> d — 1, we see that R o L decreases the absolute grading, and so (since the absolute grading is
bounded below in HF*) we have (R o L)°* = 0 for large enough k. Hence the sum in the definition of
R’ is well-defined. In fact, K is the identity plus a term which lowers absolute degree, and this lower-

degree term is nilpotent because the absolute grading is bounded below. Thus K is an automorphism of
CF* (K, [d— 1]). Finally,

dywoK=(0©+L)o K
=0+L—-(©+L)o(RoL)+(©+L)o(RoL)?*—
=0+ L—-L+LoRoL—-—LoRoL+---
=0.
The first thing we can conclude from the above computation is that @y is surjective because O is.
Now the exact triangles become short exact sequences:
0— HFK(S3, K,d) - HF Y (K,,[d—1]) 2 HF (5% — 0

and

0— HF (Ko, d—1) » HF (K, [d—1]) 2¥ HFT(S%) = 0.
Hence @(83, K,d) ~ker® and HF*(Ky,d—1) ~ ker Py,. But the automorphism K above restricts
to an isomorphism of ker © with ker ®y,. Therefore, HFK(S3, K,d) ~ HFT(Ky,d — 1) as desired. O
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4.7 Heegaard Floer homology with twisted coefficients.
4.7.1 The twisted-coefficient groups.

We discuss here the simplest case of Heegaard Floer homology with twisted coefficients. Suppose b1 (Y) =
1. Then HY(Y) = Z, and the Heegaard Floer homology of Y with twisted coefficients, @(Y}, will be a
module over the group ring Z[H'(Y)] = Z[Z] = Z[t*'], the ring of Laurent polynomials. For a discussion
of the general case, see Section 8 of [6].

To make the definition, pick a weakly admissible Heegaard diagram (X, e, 3,z) for Y. Choose a
designated point xy € To N Ty and a disk ¢, € ma(xo, ) for each @ € To N Tg. Then, for each x and
y in Tq NTg, we may identify m(x,y) with ma(xo,xo) by mapping ¢ € ma(x,y) to (b;l * @ * ¢p In
Uy’ (.’1}0, wo) .

The choice of ¢, € m2(xo, To) allows us to further define a map from (g, zo) to H(Y). It takes a
disk ¢ and looks at the difference between its domain D(¢) and the domain D(¢g) of ¢g. This difference
is a periodic domain and hence defines an element of Hy(Y) = H(Y).

Finally, choose an identification of H!(Y') with Z. These choices give rise to a mapping A : m(x, y) —
Z for any x,y, enabling the following definition:

Definition 4.17. Suppose s € Spin(Y’).
(a) As a group, CE(Y,s) is defined to be CF(Y,s) ®z Z[t+1].
(b) For € To NTpg,

d(x®1):= Z #M(9) - (y @ t1?).

{yeTamTﬁw¢6ﬂ'2(zwy)‘:U'(Cb):l-,nZ(qb):O}

Extending equivariantly in ¢, we get a differential on @ (Y,s). It satisfies 9* = 0; we define
HE(Y,s) = 522,
We have an analogous definition for HF™:
Definition 4.18. Suppose s € Spin(Y’).
(a) As a group, CF*(Y,s) is defined to be CF*(Y,s) @z Z[t*!].

(b) For € To N Tg,

[z, il @ 1) = > H#M(9) - ([y,i — na(0)] @ 1),

{y€TaNTg,pEm2(x,y)|u(s)=1}

Extending equivariantly in ¢, we get a differential on CF* (Y, s). It satisfies §* = 0; we define
HF*(Y,s) = k2

~ imd-

While we made several choices in the definitions above, the homology groups @ (Y,s) and HET (Y, 5)
are independent of them.

Now suppose Y is the zero-surgery Ko on a knot K in S3. Let (3, a, 3,7, 2) be a Heegaard triple
consistent with the surgery data as in Section 2.6.2. Note that (X, a,~,2) is a Heegaard diagram for
Ky. In this case, there is a more concrete way to make the choices described above. Recall that ~, is
the Seifert longitude for K. Choose a reference point 7 € -, disjoint from the o and 3 curves. Let V' be
the codimension-1 submanifold 1 X -+ x 741 x {7} C Ty. Then if z,y € T N T, and ¢ € m(x,y),
we can define A(¢) to be the intersection number 9 (¢) - V. Here, 0,(¢) stands for (0(im ¢)) N T~. This
choice of A works just as well as the A obtained from making the choices described at the beginning of
the section.
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4.7.2 Statements of the exact triangles with twisted coefficients.

We have versions of the surgery exact triangle and integer surgery triangle using the twisted-coefficient
groups:

Theorem 4.19. There is an exact triangle

HF (S%) @z Z[t*]

/ \K

The same holds with HF replaced by HE™.

HF (K1) @z Z[t*].

Theorem 4.20. Suppose [m] € Z/n. There is an exact triangle
HF(S%) @z Z[t*"]

/\

@ HEK,m ) @z Z[H).

m’/=m modn

The same holds with HF replaced by HE™.

As before, the maps are induced by cobordisms. The one which is relevant for us is the map ﬁ'(K 1)®
Z[t*] — HF (S3)®Z[t*1]. The corresponding map in the untwisted triangle was induced by the surgery
cobordism W from K; to S and split up according to Spin® structures: ®y = ZtGSpinC(W) Dy
Analogously, we will call the map in the twisted triangle ®,,,. To state how ® is defined on the
chain level, let 7/ be a reference point in §, which is disjoint from the other attaching circles. Let
V'=61 x - x g1 x {7'} C Ts. The following equation defines ®y;,:

By (2,1 © 1) = > #MW)) - ([0 —na($)] @Y. (5)
{YyeTaNTg,pem2(x,Ops,y)|1(p)=0}
As it turns out, there exists some M € Z such that Equation 5 simplifies as follows:
QW _ Z (I)W)t @t (Cl(l‘),gs])JrM ' (6)
t€Spin® (W)
As usual, [S] is the generator of Hy(W) = Z defined in Section 2.6.4. Also, as we will see, it does not
really matter what the value of M is. Clearly, though, it must have the same parity as {c1(t),[S]). In
other words, M must be odd since (c1(t),[S]) is odd for all v € Spin®(W).
4.7.3 Proposition 4.16 with twisted coefficients.

We have the following twisted analogue of Proposition 4.16:

Proposition 4.21. Suppose d =1 is the largest integer such that ﬁ?((SB, K,d) # 0. Then the group
HFK(S3% K, 1) ®z Z[t*1] is isomorphic to HF*(K,0).

Proof. The proof of Proposition 4.16 carries over word-for-word until we introduce the integer surgeries
exact triangle. In the twisted case, we use the twisted version of the integer surgeries triangle. The two
triangles we want to relate are

HF*(S3) @ Z[t+1)

OFK(S% K, 1) Z[t*! HF*(Ky, [0]) @ Z[t*]

o7



and
HF*(S3%) @z Z[t*!]

/ oy

HF*(Ko,0) HF*(K,,[0]) ®z Z[t*].

The surjectivity of © ® id follows from the surjectivity of © in the proof of Proposition 4.16. For
Py, we previously had ¥y = © + L, where L represents lower-order terms with respect to the area
filtration. This formula, together with Equation 6 for ®,, becomes @, = O ® t"5" 4+ L'. Here L'
is still a sum of terms which are lower-order with respect to the area filtration (which, in this context,
ignores t). To verify this equation, note that if v is the Spin® structure on W giving rise to ©, then
(e1(), [S]) =2(d — 1) +n =n since d = 1.

Now, if R is a right inverse for O as before, then R ® id is a right inverse for © ® id. The same
algebralc argument, using R ® ¢t~ 5 in place of R and L’ in place of L, gives us an automorphism

=Y eo(—D)F(R® t—"*M) o L')°F of CF*+(K1,[0]) ® Z[tF]. We have @y, 0o K = © @ t" 7, since

L')

Py oK' =( oK'
e +L’—(®®t# +L)o (Rt ™7 olL)
+(O®tE L)oo (Rot "% oL)2 ...

+1W+L/_L/+L/O(R/®t,n+21%)OL/_L/O(R®t7ngM)oL/+

But t*% is invertible in Z[t*!]. Hence Dy is surjective and its kernel is isomorphic (via (K')™! ®
) to that of © ® id, completing the proof.

n+

t
(|

4.8 The vanishing of HF"(Ky) Qg+ Z[t=, (t — 1)~ .

Since K7 ~ S3, we have HF T (K;) = HF'(S3) = Z[U™!]. Hence the twisted surgery exact triangle
becomes

—1 t:tl
HFT(Ky) Z[U~L 1.
Inverting t — 1, we get
—LF (-
HF Y (Ko) ®zp21) LI, (t — 1) ZIUE (= 1)71.

Here, W is the surgery cobordism from K; to S®. We will be done if we can show that the right leg
Py of the triangle is an isomorphism. Our plan of attack will be to show that, in terms of the absolute
Q-grading, ®y;, is an isomorphism plus a lower-order term. Using algebra, we will then be able to show
that ®y;, is itself an isomorphism.

As in Section 2.6.5, let t,, be the Spin® structure on W with (c1 (), [S]) — n = 2m. By Proposi-

tion 2.69, the map ®w ., shifts degree by _@%1)2“ = —m? — m. This shift is always < 0, and it
equals zero precisely when m = 0 or m = —1. Thus, only the Spin® structures tg and t_1, with first

Chern classes [S]* and —[S]*, contribute to the highest-degree term of @y .

Using Equation 6, we may write the h1ghest degree term of ®y; as Py, @t + Oy, @t 2 =
Both @y, and @y, are maps from Z[U 1] to Z[U 1] which do not decrease absolute degrees. Thus
they are multiplication by integers cy and c_; respectively. The highest-degree term of ®y;, is therefore

i+M
cot™ 2 +c_qt 2
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Lemma 4.22. Both ¢y and c_1 are £1.

Proof. By Proposition 9.4 of [4], both &y, and ®yy._, are isomorphisms on HF*. Their domain and
codomain are both Z[U, U~!], so both maps are multiplication by +U* for some k. But the generator of
HF>(K;) has the same absolute degree as the generator of HF>°(S%), namely 0, because K7 is equal
to S3. Thus, since @y, and Py, , preserve absolute degrees, they must both be multiplication by =1.

To relate this result to the maps on HF™, consider the exact sequence of Theorem 2.35. Usually,
we only have an exact triangle. However, S® has a Heegaard diagram with no differentials. Thus,
we can derive this sequence from a short exact sequence of complexes 0 — CF~(S3) — CF>(S3, —
CF*(S%) — 0 in which taking homology changes nothing. Theorem 2.35 becomes a short exact sequence,
and Theorem 2.66 gives us a diagram

0—> HF~($3) —= HF>®(S3) —= HF*(S%) —0

l l‘bwﬁo—il lq)W,ro

0 —> HF~(S3) —> HF>(8%) —> HF+(S3) — 0.

Since every element of HFT(S3) comes from HF>(S3), we see that ®yy,., is multiplication by 41 on
HFET(S%). The same holds for @y, . O

Hence the highest-degree term of ®y;, is multiplication by either +tM' (t + 1) or M’ (t — 1) for some
integer M’'. Actually, @y, must be 0 when ¢ is set equal to 1, so the second option is correct. This fact
is not necessary for our purposes, though; if the first option were correct instead, we could simply have
inverted t+1 instead of t—1. In any case, the highest-degree term of ®;, is an isomorphism. An algebraic
argument like the one in the proof of Theorem 3.4, using the absolute Q-grading rather than the area
filtration, implies that @y, is itself an isomorphism. Therefore HF " (Ko) ®zy+y Z[tE!, (t — 1)71] = 0,
completing the proof.

4.9 Conclusion of the proof of Theorem 4.3.

The unknot is the unique knot with genus 0, so it will suffice to prove that the genus g of K is 0.
By Theorem 4.5, we know that g is the largest value of d for which Ijﬁ((S?’,K, d) #0. If g > 1,
then Proposition 4.16 tells us that HFT(Ky,g — 1) = 0, contradicting Section 4.5. If g = 1, then
Proposition 4.21 tells us that HF " (Kq) ®g-+1) Z[t*!, (t — 1)7'] = 0. In particular, for any Z[t*!]-
algebra A in which ¢ — 1 is invertible, we see that HF™"(Kq) ®zp+1) A = 0.

Taking A = Q(t), it follows that HE*(Ko,0) ®z,+1 Q(t) = 0, so HFK(S3, K,1) © Q(t) = 0 by
Section 4.8. Hence ffﬁ((szﬂ K,1)®Q = 0. Similarly, for any prime p, we can take A = (Z/p)(t). Thus
ffﬁ((szﬂ K, 1)®(Z/p)(t) =0, so 1‘_7177((53, K,1)®(Z/p) = 0. We can conclude that LTF?((S?’, K1) =
0, another contradiction. Therefore g = 0 as claimed, proving Theorem 4.3 and hence Theorem 4.2 and
Theorem 4.1.
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